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Abstract

Presented herein is a methodology for the multi-objective optimization of material distribution of functionally graded cylindrical
shells for steady thermomechanical processes. The proposed approach focuses on isotropic metal/ceramic and metal/metal functionally
graded materials, which offer great promise in high temperature and high heat flux applications. The material composition is assumed to
vary only in the thickness direction. The volume fractions of the constituent material phases at a point are obtained through piecewise
cubic interpolation of volume fractions defined at a finite number of evenly spaced control points. The effective material properties are
estimated using the self-consistent homogenization scheme. The volume fractions at the control points, which are chosen as the design
variables, are optimized using an elitist, non-dominated sorting multi-objective genetic algorithm. Candidate designs are evaluated using
an exact power-series solution to the two-dimensional quasi-static heat conduction and plane strain thermoelasticity problems. The for-
mulation, which is applicable to both thin and thick functionally graded shells, can also be used to analyze and optimize functionally
graded plates in the limit that the midsurface radius of the shell approaches infinity. The proposed methodology is illustrated by opti-
mizing the material composition profile for two model problems. In the first model problem, both the mass and the peak hoop stress of
Zirconia/Titanium alloy plates and shells are simultaneously minimized for a prescribed temperature load with a constraint on the max-
imum temperature experienced by the metal. The goal of the second model problem is to simultaneously minimize the mass and max-
imize the factor of safety of Tungsten/Copper alloy functionally graded plates and shells under an applied heat flux, subject to a
constraint on the factor of safety.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Functionally graded materials (FGMs) are advanced
composite materials that consist of two or more material
ingredients that are engineered to have a continuous spatial
variation of material properties. This is achieved by gradu-
ally changing the volume fractions and/or microstructure
of the constituent materials during fabrication. The constit-
uent material phases for FGMs are chosen based on func-
tional performance requirements. For example, metal/
ceramic FGMs are primarily used in high temperature
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applications. Typically, ceramic-rich material would be
used in the high temperature regions and metal-rich mate-
rial would be placed at locations where mechanical proper-
ties, such as toughness, need to be high. FGMs permit
tailoring of material composition so as to derive maximum
benefits from their inhomogeneity and they offer great
promise in applications where the operating conditions
are severe, including spacecraft heat shields, coatings on
gas turbine blades, plasma facings for fusion reactors,
etc. [1]. In the case of the future International Thermonu-
clear Experimental Reactor (ITER), the plasma divertor
must survive high heat flux loads, and in addition, must
efficiently transfer heat energy to an active cooling mecha-
nism [2,3]. Numerous designs have been developed for
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Fig. 1. Graphical depiction of a multilayer FGM cylindrical shell of
infinite axial extent.
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potential use in ITER, most of which involve Tungsten as
the plasma facing material and Copper alloy as the actively
cooled component. However, if the divertor component is
fabricated by simply bonding a Tungsten plasma facing
to a Copper alloy base, the abrupt transition in material
properties across the interface between these distinct mate-
rials can lead to severe thermal stresses and premature fail-
ure. This can be alleviated by using a graded material
architecture. Several analytical solutions and numerical
formulations have been developed for the thermoelastic
analysis of FGMs (e.g. see [4–8]).

It is important to note that the performance of a
FGM is not just a function of the properties of its mate-
rial constituents alone, but is directly related to the abil-
ity of the designer to utilize the materials in the most
optimal fashion. Thus, the optimization of material dis-
tribution is a crucial step in the design of functionally
graded components. To date, research pertaining to the
optimization of FGMs is comprised almost entirely of
single-objective studies [9–18]. However, the design of
practical FGMs often require the maximization or mini-
mization of multiple, often conflicting, objectives. In gen-
eral, a multi-objective optimization algorithm will yield a
set of optimal solutions, instead of a single optimal solu-
tion. The reason for the optimality of many solutions is
that no one solution can be considered better than any
other with respect to all the objective functions. These
optimal solutions are known as Pareto-optimal solutions
[19,20]. The only known work to date which considers
the multi-objective optimization of FGMs was performed
by Huang et al. [21]. They performed a bi-objective opti-
mization design of functionally graded flywheels with
general one-dimensional grading profiles and radially
varying thicknesses using a weighted Tchebycheff
method. There is a lack of research on the multi-objec-
tive optimization of functionally graded materials for
thermomechanical processes.

In this article, a methodology for the multi-objective
optimization of material distribution of simply supported
functionally graded plates and shells is presented. This is
accomplished by representing the volume fraction varia-
tion of an isotropic FGM shell using piecewise cubic
Hermite polynomials. The volume fraction at a point is
obtained through range-restricted interpolation of vol-
ume fractions at a finite number of control points that
are evenly spaced in the thickness direction [22]. The vol-
ume fractions at the control points are chosen as the
design variables since they can be varied to obtain differ-
ent continuous volume fraction profiles. A power-series
analysis procedure that was originally developed for
anisotropic shells [23] is adapted to obtain an exact solu-
tion to the heat-conduction and plane strain thermoelas-
ticity problems for the isotropic functionally graded thick
shells and plates considered here. The volume fraction
profile is optimized using an elitist non-dominated sort-
ing genetic algorithm [24,25]. The proposed methodology
is demonstrated using two model problems. In the first
model problem, Zirconia/Titanium functionally graded
plates and shells that are exposed to a high temperature
load on the top surface are considered. Optimal material
composition profiles are obtained by simultaneously min-
imizing both the mass and the peak hoop stress subject
to a constraint on the maximum temperature experienced
by the metal. In the second model problem, Tungsten/
Copper functionally graded plates and shells that are
exposed to a high heat flux on the top surface are opti-
mized. Thermal softening effects are taken into account
by considering the temperature dependent yield strengths
of Tungsten and Copper. The volume fraction profile is
tailored by simultaneously minimizing the mass and max-
imizing the factor of safety subject to a constraint on the
factor of safety.

The paper is organized as follows. In Section 2 the
range-restricted piecewise cubic interpolation of the vol-
ume fraction and the estimation of effective material prop-
erties are discussed. The formulation and power-series
analytical solution of the heat conduction and thermoelas-
ticity problems are described in Section 3. Details about the
multi-objective optimization algorithm are given in Section
4. In Section 5, the proposed method is used to analyze and
optimize the material distribution for two model problems.
The results demonstrate that the proposed methodology
provides a framework for designing functionally graded
plates and shells for multiple, often conflicting, design
objectives.

2. Representation of material composition profile

The geometry of a functionally graded cylindrical shell
using a global, cylindrical coordinate system, with coordi-
nates r, h and x denoting the radial, circumferential and
axial coordinate directions, respectively, is depicted in
Fig. 1. The shell is assumed to be of infinite extent in the
axial direction. In this coordinate system, the functionally
graded shell occupies the region [Ri,Ro] · [0,H] · (�1,1),
where Ri, Ro and H denote the inner radius, the outer
radius and the angular span, respectively. It is assumed that
the material properties of the shell vary only in the radial
direction.
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2.1. Volume fraction distribution

The optimization of the material distribution of a two-
phase functionally graded material is equivalent to the opti-
mization of the volume fraction distribution V(r) of one of
its constituent phases. A direct pointwise optimization of
the volume fraction at every radial location is computation-
ally intractable. Therefore, the present formulation utilizes
a finite number of control points in the radial direction to
reduce the number of design variables. The volume fraction
at an arbitrary radial location is obtained via piecewise
cubic interpolation from the volume fractions at the control
points. Thus, the volume fraction distribution in the thick-
ness direction of the shell can be tailored using the volume
fraction values at the control points.

A total of N + 1 equally spaced control points in the
radial direction at locations rn = Ri + (Ro � Ri)(n � 1)/N
is utilized, where n = 1, . . . ,N + 1. The volume fraction at
the control point located at rn is denoted by Vn. In the pres-
ent formulation, the volume fractions V1, . . . ,VN+1 at the
control points are treated as the design variables. The phys-
ical constraints of the problem require that the interpolated
volume fraction be strictly in the range of zero to one at all
points within the domain, i.e., 0 6 V(r) 6 1. In order to
obtain smooth material composition profiles, a range-
restricted piecewise cubic interpolation for the volume frac-
tion [22] is employed. This method, which is based on
sufficiency conditions for univariate piecewise cubic inter-
polation to preserve positivity [26], performs range-
restricted interpolation while preserving C1 continuity.
The restriction of the interpolant to remain between
desired bounding values is achieved by setting upper and
lower limits on the slope of the interpolated volume frac-
tion distribution at the control points.

The volume fraction distribution V(r) in the interval
r 2 [rn, rn+1] is interpolated as follows:

V ðrÞ ¼ V nH 1ðrÞ þ SnH 2ðrÞ þ V nþ1H 3ðrÞ þ Snþ1H 4ðrÞ; ð1Þ

where Vn and Sn denote the volume fraction and slope of
the volume fraction distribution, respectively, at the con-
trol points located at rn. The functions Hk(r) are the Her-
mite basis functions (e.g. see [27]),

H 1ðrÞ ¼
2

h3
r � rn þ

h
2

� �
ðr � rnþ1Þ2;

H 2ðrÞ ¼
1

h2
ðr � rnÞðr � rnþ1Þ2;

H 3ðrÞ ¼ �
2

h3
ðr � rnÞ2 r � rnþ1 �

h
2

� �
;

H 4ðrÞ ¼
1

h2
ðr � rnÞ2ðr � rnþ1Þ;

ð2Þ

where h = rn+1 � rn = (Ro � Ri)/N. In order to completely
specify the interpolated volume fraction distribution V(r),
it is apparent from (1) that the slopes Sn at the control
points must be supplied in some manner. The volume frac-
tion values Vn at the control points are chosen as the design
variables in the present formulation. Although the slopes
Sn may also be considered as design variables, it is advan-
tageous to estimate them based on the neighboring control
point values, since this will result in a smaller set of design
variables and a more efficient optimization algorithm. In
the present work, the slopes are estimated based on a 3-
point centered finite difference formula,

Sn ¼ ðV nþ1 � V n�1Þ=2h for n ¼ 2; 3; . . . ;N : ð3Þ
The slopes at the top and bottom surfaces of the shell are
evaluated based on one sided finite difference formulae,

S1 ¼ ð�3V 1 þ 4V 2 � V 3Þ=2h;

SNþ1 ¼ ð3V Nþ1 � 4V N þ V N�1Þ=2h:
ð4Þ

With the slopes of the volume fraction distribution esti-
mated at the control points, they must be checked to make
sure that they are within certain upper and lower bounds to
achieve proper range restriction of the volume fraction dis-
tribution. The appropriate bounds are given by Brodlie
et al. [22]. If the estimated slopes lie outside these bounds,
the estimated values are simply projected on to the valid
range. For the interior control points the valid range of
the slopes are as follows:

Maxf�3ð1� V nÞ=h;�3V n=hg 6 Sn

6Minf3ð1� V nÞ=h; 3V n=hg; ð5Þ

for n = 2, 3, . . . ,N. Corresponding one-sided conditions for
the first and last control points are,

� 3V 1=h 6 S1 6 3ð1� V 1Þ=h;

� 3ð1� V Nþ1Þ=h 6 SNþ1 6 3V Nþ1=h:
ð6Þ

If the slope at a control point, estimated using (3) or (4),
happens to lie outside the valid upper and lower bounds
stated in (5) or (6), it is corrected by setting it equal to
the violated bound. This ensures that the interpolated vol-
ume fraction distribution satisfies the physical constraints,
0 6 V(r) 6 1, at every point within the domain provided
that the design variables Vn are constrained to lie in the
range [0, 1].

2.2. Effective moduli of two-phase composite materials

Consider a functionally graded composite material that
is fabricated by mixing two distinct material phases, for
example, a metal and a ceramic. Often, precise information
about the size, shape and distribution of the particles may
not be available and the effective moduli of the graded
composite must be evaluated based only on the volume
fraction distributions and the approximate shape of the dis-
persed phase. Several micromechanics models have been
developed over the years to infer the effective properties
of macroscopically homogeneous composite materials. In
the present work, the effective material properties are esti-
mated using the self-consistent method [28].

The self-consistent method assumes that each reinforce-
ment inclusion is embedded in a continuum material whose
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effective properties are those of the composite. It is
assumed that K1, l1, j1 and a1 denote the bulk modulus,
the shear modulus, the thermal conductivity and the ther-
mal expansion coefficient, respectively, of the first material
phase, and V denotes its volume fraction. The correspond-
ing material properties of the second material phase are
denoted by K2, l2, j2, and a2. For two-phase functionally
graded materials considered here, the volume fraction of
the second material phase is 1 � V. The locally effective
bulk, K, and shear moduli, l, obtained using the self-con-
sistent method are

d=K ¼ V =ðK � K2Þ þ ð1� V Þ=ðK � K1Þ;
g=l ¼ V =ðl� l2Þ þ ð1� V Þ=ðl� l1Þ;

ð7Þ

where d = 3 � 5g = K/(K + 4l/3). These are implicit
expressions for the unknowns K and l. The first equation
in (7) can be solved to determine K in terms of l,

K ¼ 1=ðV =ðK1 þ 4l=3Þ þ ð1� V Þ=ðK2 þ 4l=3ÞÞ � 4l=3;

ð8Þ
and l is obtained by solving the following quartic equation:

½VK1=ðK1 þ 4l=3Þ þ ð1� V ÞK2=ðK2 þ 4l=3Þ�
þ 5½V l2=ðl� l2Þ þ ð1� V Þl1=ðl� l1Þ� þ 2 ¼ 0: ð9Þ

The self-consistent estimate of the thermal conductivity
coefficient, j, is in the implicit form [29]

V ðj1 � jÞ=ðj1 þ 2jÞ þ ð1� V Þðj2 � jÞ=ðj2 þ 2jÞ ¼ 0;

ð10Þ
and the coefficient of thermal expansion, a, is determined
from the correspondence relation [30]

ða� a1Þ=ða2 � a1Þ ¼ ð1=K � 1=K1Þ=ð1=K2 � 1=K1Þ: ð11Þ
3. Analysis of the heat conduction and thermomechanical

problems

The functionally graded shell is partitioned into N

functionally graded layers by introducing N � 1 hypothet-
ical interfaces in the radial direction. These interfaces are
chosen to coincide with the location of the control points,
rn, for n = 2, . . . ,N. Each layer is assumed to have a
smooth variation of material properties in the radial
direction due to the range-restricted cubic interpolation
of the volume fraction. A particular layer of the shell,
denoted by the superscript n, extends from rn to rn+1 in
the radial direction. In order to provide a more general
shell solution that is also applicable to flat plates, a layer-
wise, local circumferential coordinate system with coordi-
nate directions, sn, xn, and zn having the origin at the left
edge (h = 0) of nth layer’s midsurface is introduced as
shown in Fig. 1. The local circumferential coordinate sys-
tem is related to the global cylindrical coordinate system
through the transformations

sn ¼ Rnh; zn ¼ r � Rn; xn ¼ x; ð12Þ
where sn and zn are the local arc length and local thickness
coordinate, respectively, with respect to the midsurface of
the nth lamina. The midsurface radius Rn and midsurface
circumferential length Sn of each layer are defined as

Rn ¼
1

2
ðrn þ rnþ1Þ; Sn ¼ RnH: ð13Þ

In the local circumferential coordinate system, the nth layer
occupies a region in R3 space denoted by [�h/2,h/
2] · [0, Sn] · (�1,1). Henceforth, the subscript n is omit-
ted for simplicity of notation with the understanding that
all material constants, geometric parameters and solution
variables are for the nth layer is dropped unless the layer
number is explicitly denoted by a subscript. Since the ap-
plied loads and material properties are independent of x

and the body is of infinite extent in the x-direction, it is
postulated that the change in temperature from the
stress-free reference configuration, T, and displacement
components, ur and us, are functions of z and s only. The
axial component of the displacement, ux, is assumed to
be zero. Thus, the functionally graded shell is assumed to
be in a state of plane strain.

Fourier’s law of heat conduction, which relates the heat
flux to the temperature gradient, in the local circumferen-
tial coordinate system is

qs ¼ �j
R

Rþ z
oT
os
; qr ¼ �j

oT
oz
; ð14Þ

where j is the thermal conductivity. The thermomechanical
constitutive equations, which relate the stresses to the
deformation and change in temperature, are

rss ¼ ðkþ 2lÞ R
Rþ z

ous

os
þ ur

Rþ z

� �
þ k

our

oz
� bT ;

rxx ¼ k
R

Rþ z
ous

os
þ ur

Rþ z
þ our

oz

� �
� bT ;

rrr ¼ ðkþ 2lÞ our

oz
þ k

R
Rþ z

ous

os
þ ur

Rþ z

� �
� bT ;

rrs ¼ l
R

Rþ z
our

os
þ ous

oz
� us

Rþ z

� �
;

ð15Þ

where k and l are Lamé constants and b is the stress-tem-
perature moduli. It should be noted that the Lamé con-
stant, k, is related to the bulk and shear moduli by
k = K � 2l/3 and the stress-temperature modulus, b, is
determined from the bulk modulus and thermal expansion
coefficient using the relation b = 3Ka. Since the shell is
graded in the radial direction, the material properties j,
k, l, and b are functions of the radial coordinate z.

Assuming that internal heat sources and body forces are
absent, the three-dimensional steady-state heat conduction
equation, expressed in terms of the local coordinates, is

oqr

oz
þ R

Rþ z
oqs

os
þ qr

Rþ z
¼ 0; ð16Þ

where qr and qs are the components of the heat flux vector.
The corresponding mechanical equilibrium equations, are
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orrr

oz
þ R

Rþ z
orrs

os
þ rrr � rss

Rþ z
¼ 0;

orrs

oz
þ R

Rþ z
orss

os
þ 2rsr

Rþ z
¼ 0;

ð17Þ

where rrr, rss, and rrs are the components of the Cauchy
stress tensor in a circumferential coordinate system.

Since the shell is viewed as a three-dimensional body, it
is necessary to prescribe either a displacement or traction
component in each coordinate direction at every point on
the boundary. It is assumed that the shell is simply sup-
ported and maintained at the constant ambient reference
temperature at the edges and the following mixed bound-
ary conditions are prescribed

ur ¼ 0; rss ¼ 0; T ¼ 0 at s ¼ 0; S: ð18Þ

Additional thermal and mechanical boundary condi-
tions are imposed on the inner and outer surfaces of the
shell as follows:

#�T þ n�qr ¼ v� sin
kps1

S1

; rrr ¼ rsr ¼ 0 at z1 ¼ �h=2;

#þT þ nþqr ¼ vþ sin
kpsN

SN
; rrr ¼ rsr ¼ 0 at zN ¼ h=2;

ð19Þ
where v� and v+ denote the amplitude of the thermal
loads which are sinusoidal in the circumferential direc-
tion and k is a positive integer that specifies the har-
monic of the sinusoidal load. Various thermal
boundary conditions, corresponding to either prescribed
temperatures or heat fluxes or exposure to ambient tem-
perature through boundary convection, are specified by
appropriately choosing the constants #�, n�, #+, and
n+. The functionally graded layers are assumed to be
in ideal thermal contact and perfectly bonded together
and the following thermal and mechanical continuity
conditions are assumed at the interfaces r = rn for
n = 1, . . . ,N � 1 (e.g. see [31,32])

sT t ¼ 0; sqrt ¼ 0; surt ¼ sust ¼ 0; srrrt ¼ srsrt ¼ 0;

ð20Þ

where sgb denotes the jump in the value of g across the
interface.

It is assumed that the material properties of each layer
of the functionally graded shell are analytic functions of
the radial coordinate z, and, thus, can be represented by
a Taylor series expansion about its midsurface as

½j; k; l; b� ¼
X1
b¼0

½jb; kb; lb; bb�zb: ð21Þ
3.1. Temperature and heat flux

A semi-inverse solution to the heat conduction problem
is sought by assuming a power series form for the temper-
ature field
T ¼
X1
b¼0

gbzb

 !
sin ps; ð22Þ

where p = kp/S. The assumed form of the temperature field
identically satisfies the homogeneous boundary conditions
(18) for the temperature at the edges. Substitution for T

from (22) into (14) yields the components of the heat flux
vector. Substitution of the heat flux vector into (16) and
equating like powers of z, results in the following recur-
rence relation

Xa

b¼0

fða� bþ 1Þða� bþ 2Þjbga�bþ2

þ ðbþ 1Þða� bþ 1Þjbþ1ga�bþ1

þ
Xa�b

c

½ða� b� cþ 1Þ/bjcga�b�cþ1 � wbp2jcga�b�c�g ¼ 0;

ð23Þ

which has to hold true for every a = 0,1,2,. . . Here
/b = (�1)b/Rb+1 and wb = (b + 1)(�1)b/Rb. The recur-
rence relation (23) is evaluated successively for
a = 0,1,. . . to obtain the coefficients ga+2 in terms of
two constants g0 and g1. The power series coefficients gb

are then inserted into (22) to obtain the change in temper-
ature T and heat flux q through (14), in terms of two con-
stants, namely g0 and g1, for each layer. For an N-layer
shell, the power series solution procedure results in 2N

constants. The constants are determined by satisfying
the thermal boundary conditions (19) on the top and bot-
tom surfaces of the shell and the thermal continuity con-
ditions (20) at each of the N � 1 interfaces. The resulting
system of 2N linear algebraic equations for the 2N un-
knowns is readily solved to obtain g0 and g1 for each
layer. The series coefficients gb, thus obtained, are rein-
serted into (22) to yield the temperature field for each
layer. The temperature and heat flux for a flat plate are
obtained by setting R!1 in the series coefficients /b

and wb.

3.2. Displacements and stresses

With the temperature field established, a semi-inverse
solution for the displacement field is sought by assuming
that

us ¼
X1
b¼0

U bzb

 !
cos ps; ur ¼

X1
b¼0

W bzb

 !
sin ps: ð24Þ

The simply supported boundary conditions at the
edges of a layer are identically satisfied by the assumed
displacement field. Substitution of the assumed displace-
ment field (24) and the Taylor series expansions of the
material properties (21) into the constitutive Eq. (15)
and the equilibrium Eq. (17), yield the following recur-
rence relations



Xa

b¼0

fða� bþ 1Þða� bþ 2Þðkb þ 2lbÞW a�bþ2 þ ðbþ 1Þða� bþ 1Þðkbþ1 þ 2lbþ1ÞW a�bþ1 � ða� bþ 1Þbbga�bþ1

� ðbþ 1Þbbþ1ga�b þ
Xa�b

c¼0

½wb½ð�
1

R2
ðkc þ 2lcÞ � p2lcÞW a�b�c þ

p
R
ðkc þ 3lcÞU a�b�c�

þ /b½ðcþ 1Þkcþ1W a�b�c þ ða� b� cþ 1Þðkc þ 2lcÞW a�b�cþ1�
þ 1b½�pðcþ 1Þkcþ1Ua�b�c � pða� b� cþ 1Þðkc þ lcÞU a�b�cþ1��g ¼ 0; ð25ÞXa

b¼0

fða� bþ 1Þða� bþ 2ÞlbU a�bþ2 þ ðbþ 1Þða� bþ 1Þlbþ1U a�bþ1

þ
Xa�b

c¼0

½wb½
p
R
ðkc þ 3lcÞW a�b�c � p2R2ðkc þ 2lc þ

1

p2R2
lcÞUa�b�c� þ 1b½�pbðcÞga�b�c þ pðcþ 1Þlcþ1W a�b�c

þ pða� b� cþ 1Þðkc þ lcÞW a�b�cþ1� þ /b½�ðcþ 1Þlcþ1Ua�b�c þ ða� b� cþ 1ÞlcU a�b�cþ1��g ¼ 0; ð26Þ

S.S. Vel, J.L. Pelletier / Composite Structures 81 (2007) 386–400 391
which have to hold true for every a = 0,1,2,. . . Here
1b = (�1)b/Rb. The recurrence relations (25) and (26) are
evaluated successively for a = 0,1,. . . to obtain two simul-
taneous equations, which are solved to obtain Ua+2 and
Wa+2 in terms of four unknown constants U0, U1, W0

and W1. The power series coefficients Ub and Wb are in-
serted into (24) to obtain the components of the displace-
ment field us and ur in terms of the four constants for
each layer. For an N-layer shell, the power series solution
procedure results in 4N constants. The constants are deter-
mined by satisfying the traction boundary conditions (19)
on the top and bottom surfaces of the shell and the
mechanical continuity conditions (20) at each of the
N � 1 interfaces. The resulting system of 4N linear alge-
braic equations for the 4N unknowns is readily solved to
obtain U0, U1, W0, and W1 for each layer. The solution
for a flat plate is obtained by setting the midsurface radius
R!1 in the recurrence relations (25) and (26) for all
layers.
4. Optimization using a genetic algorithm

4.1. Formulation of the multi-objective optimization problem

In the present formulation, optimization of material dis-
tribution is achieved by tailoring the volume fractions val-
ues at the control points. A constrained optimization
problem is written in the following form:

Find V ;

Maximize f iðVÞ; i ¼ 1; 2; . . . ;A;

Subject to gjðVÞ 6 0; j ¼ 1; 2; . . . ;B;

0 6 V n 6 1; n ¼ 1; 2; . . . ;N þ 1;

ð27Þ

where V = [V1,V2, . . . ,VN+1] is the vector of volume frac-
tions at the control points, fi(V) is the ith objective func-
tion to be minimized and gj(V) is the jth inequality
constraint. In the above problem, there are N + 1 optimi-
zation parameters. It should be noted that if it is desired
to minimize one or more objective function, the duality
principle [20] states that a minimization problem can be
converted to a maximization problem by multiplying the
corresponding objective function values by �1. Specific
forms of the objective functions and inequality constraints
are considered in Section 5.

4.2. The genetic algorithm

The Pareto-optimal designs are obtained using a dis-
crete-coded version of the non-dominated sorting genetic
algorithm (NSGA-II) [24,25]. A genetic algorithm works
with a population of M individuals. Each individual con-
sists of a single chromosome which, for the present volume
fraction optimization problem, is chosen to contain inte-
ger-coded values of the volume fractions at the control
points

X ¼ ½I1I2 . . . In . . . INþ1�; ð28Þ
where In is an integer value between 0 and Imax. The value
of the volume fraction at the nth control point can be in-
ferred from the integer In using the relation
V n ¼ In=Imax. Finer resolution of the volume fractions at
the control points can be obtained by choosing a larger va-
lue for Imax. In order to compute the objective functions
and constraints for an individual X, first the radial volume
fraction profile is constructed from the volume fraction val-
ues at the control points. Next, a thermomechanical analy-
sis for a given set of loads will yield the temperature, heat
flux, displacement and stress fields. These values are then
utilized to create and assign the values of the objective
functions, fi(X), and constraint violations, gj(X), corre-
sponding to the individual X. Thus the objective functions
and constraint violations of the entire population can be
obtained.

The NSGA-II algorithm has been modified to include an
archive of the historically non-dominated individuals, Ht.
A schematic of the process that is used to update the parent
population, Pt, offspring population, Qt, and historical
archive of non-dominated solutions, Ht, from generation
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t to t + 1 is shown in Fig. 2. Details about each step of the
multi-objective genetic algorithm are given below in Sec-
tions 4.2.1–4.2.5. The genetic algorithm begins at genera-
tion t = 0, with a random set of individuals for P0 and
Q0. The process of updating the individuals using NSGA-
II from generation t to t + 1 is as follows. The parent pop-
ulation, Pt, and offspring population, Qt, each consisting of
M individuals, are combined to form a population, Rt. The
objective functions and constraint violations of each indi-
vidual in Rt are computed and they are non-dominated
sorted and ranked. The archive of non-dominated solu-
tions Ht is updated to include the better ranked individuals.
Next, a crowded distance sort of the individuals is per-
formed within each rank of Rt and a controlled elitist selec-
tion process is used to form an updated parent population,
Pt+1. Subsequently, an intermediate mating pool is
obtained from the parent population, Pt+1, using a
crowded tournament selection operation and the offspring
population, Qt+1, is generated by crossover and mutation.
The process is iterated over several generations and the
algorithm is terminated when it fails to yield significant
improvements to the non-dominated historical archive
Ht. Upon termination, the set of non-dominated individu-
als Ht are the numerically obtained Pareto-optimal designs.
It should be noted that in the present work, the terms indi-
vidual and design are used interchangeably.
4.2.1. Non-dominated sorting

The parent population Pt and offspring population Qt

are combined to create Rt = Pt [ Qt where t denotes the
generation number. The combined population Rt is sorted
according to non-constrain-dominance and the individuals
are ranked. Following the definition by Deb [20], an indi-
vidual X(a) 2 Rt is said to constrain-dominate an individual
X(b) 2 R t, if any of the following conditions are true:

ð1Þ X ðaÞ and X ðbÞ are feasible;with

ðaÞ X ðaÞ is no worse than X ðbÞ in all objectives;and

ðbÞ X ðaÞ is strictly better than X ðbÞ in at least one objective:

ð2Þ X ðaÞ is feasible while individual X ðbÞ is not:

ð3Þ X ðaÞ and X ðbÞ are both infeasible;but X ðaÞ

has a smaller constraint violation:

ð29Þ
Here, the constraint violation CðXÞ of an individual X is
defined to be equal to the sum of the violated constraint
function values [33],

CðXÞ ¼
XB

j¼1

HðgjðXÞÞgjðXÞ; ð30Þ

where H is the Heaviside step function. The concept of con-
strain-domination enables us to compare two individuals in
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problems that have multiple objectives and constraints,
since if X(a) constrain-dominates X(b), then X(a) is better
than X(b). If none of the three conditions in (29) are true,
then X(a) does not constrain-dominate X(b). Perhaps most
easily visualized in the case of two objective functions,
Fig. 3 provides a graphical depiction of the dominance rela-
tion where two objectives are to be maximized. Shaded re-
gions represent the line of sight of a particular individual.
When comparing two feasible individuals X(a) and X(b),
X(b) is considered to be dominated by X(a) if X(b) is able to
see X(a). Conversely, feasible individuals that lack any other
feasible individuals in their line of sight are found to be to be
non-dominated. When both solutions are infeasible, the
concept is extended to define constrain-domination based
on the magnitude of constraint violation. In Fig. 3, X(7) is
dominated by X(3) and X(8), since X(3) is strictly better than
X(7) in both objectives; and X(8) is equal (no worse) in objec-
tive 2, while it is strictly better in objective 1. Although X(5)

and X(10), are within the line of sight of X(7), they are infea-
sible and therefore dominated in all cases by feasible indi-
viduals. The non-constrain-dominated set consisting of
X(9), X(3), X(8), and X(2), are designated to be of rank 1, de-
noted by r(1) = {X(9), X(3), X(8), X(2)}. In order to find the
rank 2 individuals, the rank 1 individuals are temporarily
discarded from the population and the non-constrain-dom-
inated solutions of the remaining population are found and
designated as the rank 2 set. In Fig. 3, r(2) = {X(7), X(1), X(4),
X(6)}. This procedure is continued until the entire popula-
tion is classified into various subpopulations r(q) of rank
q. Infeasible solutions are ranked according to the magni-
tude of their constraint violation.

4.2.2. Crowding distance

One of the goals of a multi-objective genetic algorithm is
to ensure population diversity in the non-dominated set.
This is achieved by giving preference to individuals that
are more evenly spaced (i.e., less crowded) in the objective
space. To this end, the concept of crowding distance is
introduced, wherein each individual of a ranked subpopu-
lation is given a crowding distance based on its closeness to
adjacent neighbors with equal rank in the objective space.
The crowding distance metric proposed by Deb [20] is uti-
lized, where the crowding distance of an individual is the
perimeter of the rectangle with its nearest neighbors at
diagonally opposite corners.
4.2.3. Controlled elitism sort
Once individuals of equal rank are sorted in descending

order of crowding distance, a controlled elitism mechanism
is used to obtain an updated parent population, Pt+1, from
the combined population Rt. To preserve diversity, the
influence of elitism is controlled by choosing the number
of individuals from each subpopulation r(q) according to
the geometric distribution,

Sq ¼ S
1� c
1� cw

cq�1; ð31Þ

to form a parent search population, Pt+1, of size S, where
0 < c < 1. Note that Sq is the number of individuals taken
from non-dominated subpopulation r(q) with preference gi-
ven to those individuals that have a large crowding dis-
tance, c is a parameter that governs the shape of the
geometric distribution and w is the total number of ranked
non-dominated subpopulations that comprise the parent
population. This method has been shown to provide im-
proved convergence to the true Pareto-optimal front when
compared to a standard elitist NSGA-II [34].

4.2.4. Tournament selection
Now that the parent population, Pt+1, has been defined,

the next step in the process is the crowded tournament
selection routine, where each individual competes in
exactly two tournaments with randomly selected individu-
als, a procedure which imitates survival of the fittest in nat-
ure. Individual X(a) is said to win a tournament with
individual X(b) if any of the following conditions are true:

ð1Þ X ðaÞ has a smallerði:e:; betterÞ rank than X ðbÞ;

ð2Þ X ðaÞ and X ðbÞ have the same rank; but X ðaÞ

has a larger crowding distance:

ð32Þ

In this manner, an intermediate mating pool is generated
from the parent population that has a higher occurrence
of better ranked and less crowded individuals. Inclusion
of the crowded distance metric enables the genetic algo-
rithm to seek out a well distributed Pareto-optimal front.

4.2.5. Crossover and mutation

Uniform crossover and random uniform mutation are
employed to obtain the offspring population, Qt+1. An inte-
ger representation such as that shown in (28) may be
directly manipulated by these operators. The integer-based
uniform crossover operator takes two distinct parent indi-
viduals and interchanges each corresponding design vari-
able with a probability, 0 < pc 6 0.5. Following crossover,
the mutation operator changes each of the children’s integer
coded design variable with a mutation probability, pm, from
its current value to a random integer between 0 and Imax.



Table 1
Material properties of Zirconia, Titanium, Tungsten, and Copper at
300 �C

ZrO2 [35] Ti–6Al–4V [35] W [36] Cu–Cr–Zr [36]

E (GPa) 100.7 93.67 394.7 115.0
m 0.333 0.3071 0.2822 0.3267
a (10�6/ �C) 6.650 11.49 4.1 17.60
j (W/m�C) 1.868 10.84 147.2 351.0
q (kg/m3) 5917.7 4378.6 19,229 8790
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5. Results and discussion

The optimal design of functionally graded cylindrical
shells that are subjected to either a surface temperature
or surface heat flux are presented in this section. The
shell geometry is fixed such that the global midsurface
radius R = 0.1 m and the corresponding angular span is
H = p/2. The length of the shell’s midsurface in the cir-
cumferential direction is therefore S = RH = p/20. The
circumferential length to thickness ratio is S/H = 4. In
addition, a flat plate of length L = p/20 and L/H = 4 is
also investigated and the results compared to a curved
shell for the same loads, objectives, and constraints.
The volume fraction distribution in the thickness direc-
tion is defined using 11 equally spaced control points.
Accordingly, analyses of the FGM plates and shells are
performed by partitioning the shell into N = 10 continu-
ously graded layers. The power series solution utilizes 10
series terms per layer in (22) and (24) in order to obtain
4 significant digits of accuracy for the temperature and
stresses. The volume fraction value at the control points
are incremented from 0 to 1 in steps of 0.05 by choosing
Imax ¼ 20. The genetic algorithm optimization was per-
formed using a search population size of M = 150 indi-
viduals, crossover probability of pc = 0.25, gene
mutation probability of pm = 0.135 and controlled elitism
value c = 0.5.

5.1. Model problem I

In the first model problem, an isotropic Zirconia/Tita-
nium shell, having a sinusoidal temperature distribution
applied to its top surface, is optimized. The stress-free
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Fig. 4. Plot of the objective function values of individuals in the population a
shell subjected to a temperature load.
reference temperature is taken to be Tref = 300 �C. The
shell is subjected to a sinusoidal temperature change of
magnitude 850 �C above the stress-free reference temper-
ature. That is, the temperature of the shell is prescribed
to have a peak value of 1150 �C at the midspan of the
shell’s top surface. The remaining edges are fixed at ref-
erence temperature Tref. The analytical solution is used
to obtain the temperature field. The constants are cho-
sen as #� = 1, n� = 0, v� = 0, #+ = 1, n+ = 0,
v+ = 850 �C, and k = 1 in the boundary conditions
(19). The material properties for Zirconia, Titanium
alloy (Ti–6Al–4V) at the reference temperature of
300 �C are given in Table 1.

The goal of this model problem is to minimize the
peak hoop stress rss while also minimizing the mass m

(per unit axial length). The inner and outer surfaces
are constrained to be composed of entirely Titanium
and Zirconia, respectively. A constraint is introduced to
ensure that the peak temperature experienced by the
Titanium phase is less than 600 �C. The objective func-
tions and constraints are formally stated as follows:
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t generations t = 15, 25, 100, and 400 for a Zirconia/Titanium cylindrical



S.S. Vel, J.L. Pelletier / Composite Structures 81 (2007) 386–400 395
Find V ;

Minimize f 1ðVÞ ¼ m ¼
Z H

0

Z Ro

Ri

ðV ZrO2
qZrO2

þ ð1� V ZrO2
ÞqTiÞr dr dh;

f 2ðVÞ ¼ rmax
ss ¼ max

x2D
rss;

Subject to g1ðVÞ ¼ T max
Ti � 600 6 0;

V 1 ¼ 0; V Nþ1 ¼ 1;

0 6 V n 6 1; n ¼ 2; . . . ;N ;

ð33Þ

where Vn denotes the volume fraction of Zirconia at the
control point located at rn and V ZrO2

is the interpolated va-
lue of Zirconia at point in the domain D obtained from (1).

Fig. 4 shows the evolution of the parent population as
the algorithm progresses. The objective function values of
the parent population, Pt, at t = 15, 25, 100, and 400 gen-
erations are depicted in Fig. 4a–d for a curved shell. A total
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Fig. 5. Pareto-optimal fronts for the Zirconia/Titanium flat plate and
cylindrical shell subjected to a temperature load.
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Fig. 6. Volume fraction profiles and performance data for designs A through
of 103 Pareto-optimal solutions were identified by the algo-
rithm in 412 generations. In the case of the flat plate, 96
Pareto-optimal solutions were obtained in 434 generations.
As it progresses, the algorithm is able to develop new
designs with smaller hoop stress. The Pareto-optimal
designs for the FGM plate and shell are presented in
Fig. 5. It is noted that the Pareto-optimal fronts are discon-
tinuous. For example, the masses of design B and C are
very different, although their maximum hoop stress
are nearly the same. Significant reductions in stresses are
obtained for moderate increases in mass for both flat plates
and curved shells. For example, in the case of the cylindri-
cal shells, design L provides a 96.76% reduction in hoop
stress for a 14.08% increase in mass as compared to design
G. It is observed that for a chosen Pareto-optimal design
for a graded curved shell, it is possible to find graded flat
plate designs that have smaller mass and peak hoop stress.

Fig. 6 shows the through-the-thickness profiles of Zirco-
nia volume fraction for the flat plate designs labelled A to F
in Fig. 5. In this and other figures that follow, H is the total
thickness and z is the global thickness coordinate from the
midsurface of the plate/shell. The minimum mass design,
shown in Fig. 6a, consists of a monolithic region of Zirco-
nia that occupies 30% of the plate’s thickness near the top
surface. This acts as a thermal barrier that reduces the max-
imum temperature experienced by the Titanium to
570.6 �C. The bottom 60% of the plate is composed of a
monolithic region of Titanium to reduce the mass and there
is a steep grading between the two monolithic regions.
Fig. 6 demonstrates that multiple volume fraction profiles
give nearly the same thermal barrier protection. For
example, designs B and D both satisfy the temperature con-
straint within 1 �C, yet design D offers a 38.72% reduction
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1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8

V
ZrO2

1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8

V
ZrO2

1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8

V
ZrO2

1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8
V

ZrO2

1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8
V

ZrO2

T
Ti

= 529.24  C
o

= 31.742 kg/m
max

σ = 156.65 MPa
max

ss

T
Ti

= 599.80  C
o

= 32.862 kg/m
max

σ = 103.54 MPa
max

ss

T
Ti

= 535.80  C
o

= 33.508 kg/m
max

σ = 102.15 MPa
max

ss

T
Ti

= 598.87 C
o

= 34.5017 kg/m
max

σ = 55.335 MPa
max

ss

T
Ti

= 355.61 C
o

= 36.213 kg/m
max

σ = 5.0668 MPa
max

ss

1/2

-1/2

-1/4

1/4

0z/H

0 1.2 .4 .6 .8
V

ZrO2

T
Ti

= 517.20 C
o

= 34.807 kg/m
max

σ = 54.954 MPa
max

ss

m m m

mmm

Design G Design H Design I

Design J Design K Design L

(a)

(d) (e)

(b) (c)

(f)

Fig. 7. Volume fraction profiles and performance data for designs G through L for the Zirconia/Titanium cylindrical shell subjected to a temperature load.
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in peak hoop stress with a 6.0% increase in mass compared
to design B.

Through-the-thickness profiles of Zirconia volume frac-
tion for the Pareto-optimal designs G through L for the
cylindrical shell are given in Fig. 7. Compared to a flat
plate, the minimum mass design for the shell requires at
least 40% of its thickness near the top surface to be com-
posed of entirely Zirconia. The volume fraction profile
for design L that results in the smallest hoop stress for
the cylindrical shell is identical to design F for a flat plate.
However, design D for a flat plate is qualitatively different
from that of design H for a cylindrical shell, although their
mass is nearly identical.

The through-the-thickness variation of the hoop stress
corresponding to designs A, B, C, and E for a flat plate are
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shown in Fig. 8a. It shows that the hoop stress rss has a con-
tinuous variation and the peak tensile value for designs B
and C are essentially the same, although the radial locations
where the peak hoop stress values occur are different. The
radial variation of the hoop stress corresponding to designs
G through L for a cylindrical shell are depicted in Fig. 8b.

5.2. Model problem II

The second model problem deals with the optimization
of isotropic Tungsten/Copper functionally graded plates
and shells that are exposed to a sinusoidal heat flux of peak
amplitude 1 MW/m2 on its top surface. The edges and the
bottom surface are held at the stress free reference temper-
ature of 300 �C. The material properties for Tungsten
(annealed) and Copper (Cu–Cr–Zr) at the reference temper-
ature of 300 �C are given in Table 1. Both Tungsten and
Copper exhibit considerable thermal softening and their
temperature-dependent yield strengths are as follows [36]:

SðWÞy ¼ 679:531� 1:1877 ~T þ 7:2605� 10�4 ~T 2

� 1:4404� 10�7 ~T 3 MPa;

SðCuÞ
y ¼ 299:933� 0:1286 ~T � 1:6733� 10�4 ~T 2 MPa;

ð34Þ
where ~T ¼ T þ T ref is the temperature (in �C) at a point.
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Since both constituent phases are metallic, the von
Mises criterion is used to analyze failure of the W/Cu
FGM. The homogenized yield strength of the functionally
graded material is based on the following Bishop–Hill
upper estimate [37]:

Sy ¼ V WSðWÞy þ ð1� V WÞSðCuÞ
y ; ð35Þ

where VW is the interpolated value of Tungsten at point in
the domain D obtained from (1). The objectives of this
model problem are to maximize the factor of safety Nsf

and minimize the mass m, subject to the constraint that
the factor of safety be greater than 1.0. The multi-objective
optimization problem is stated as follows:

Find V ;

Minimize f 1ðVÞ ¼ m ¼
Z H

0

Z Ro

Ri

ðV WqW

þ ð1� V WÞqCuÞr dr dh;

Maximize f 2ðVÞ ¼ N sf ¼ min
x2D

SyðxÞ=�rðxÞ;

Subject to g1ðVÞ ¼ 1� N sf 6 0;

0 6 V n 6 1; n ¼ 1; 2; . . . ;N þ 1;

ð36Þ

where Vn is the volume fraction of Tungsten at the control
point location rn and �rðxÞ is the von Mises effective stress at
a point x,
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Fig. 11. Volume fraction profiles and performance data for designs E through H for the Tungsten/Copper cylindrical shell subjected to a heat flux load.
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Fig. 9 shows the Pareto-optimal front for W/Cu FGM
plates and cylindrical shells obtained using the multi-
objective genetic algorithm. It is found that the Pareto-
optimal curve is discontinuous between designs B and
C. The factor of safety of B and C are almost identical
although their mass per unit length are 55.213 kg/m and
63.638 kg/m, respectively. Any feasible design with a
mass that lies between these two values will have a factor
of safety that is smaller than that of design B or C and
thus are dominated/inferior designs. It is found that opti-
mized cylindrical shells have smaller factors of safety
than optimized functionally graded plates for the same
loading and boundary conditions. This may be attributed
to the fact that the shell has a larger surface area on its
top surface which is exposed to the heat flux, compared
to the flat plate. The volume fraction profiles for the
optimized functionally graded plates are shown in
Fig. 10. All designs exhibit more than 70% of the shell’s
thickness to be comprised entirely of Copper. Further-
more, design A consists of a monolithic Copper plate
that was found to provide a minimum mass per unit
shell depth of 54.213 kg/m, but also a minimum safety
factor of 1.178. In contrast, design D provides a 6.8% in-
crease in strength for a 29.7% increase in mass compared
to design A. It is also noted that a monolithic plate of
Tungsten is infeasible since it exhibits a safety factor of
Nsf = 0.649. This is due to the fact that the lower ther-
mal conductivity of Tungsten causes the temperature to
increase and the yield strength to decrease significantly
due to thermal softening. Any design whose mass is
greater than that of design D is either dominated or it
exhibits a factor of safety less than 1.0.

The optimized volume fraction profiles for a cylindrical
shell are shown in Fig. 11. Qualitatively, the volume frac-
tion profiles for each shell design is very similar except
for subtle variations near the top surface. Furthermore, it
is found that unlike a flat plate, a monolithic Copper cylin-
drical shell is an infeasible design since the factor of safety
is less than 1.0.

6. Concluding remarks

A methodology for the multi-objective optimization of
functionally graded isotropic plates and shells has been
presented. The volume fraction profile is defined using
control points that are evenly spaced through the thick-
ness of the shell in conjunction with range-restricted
interpolation using Hermite polynomials. The heat con-
duction and thermoelasticity problems are solved using
an exact power series solution to obtain the temperature,
heat flux, displacements and stresses. The exact solution
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is used to evaluate the objective functions and con-
straints for candidate designs. The volume fraction val-
ues at the control points are chosen as the design
variables for the discretely coded elitist multi-objective
genetic algorithm.

In the first model problem, functionally graded Zirco-
nia/Titanium plates and shells are subjected to a sinusoi-
dal temperature load on the top surface. They are
optimized for minimum hoop stress and minimum mass
subject to a constraint on the maximum temperature
experienced by the Titanium phase. It is found that sig-
nificant reductions in hoop stress are obtainable, while
only moderately increasing the mass of the plate or shell.
It is also found that the optimized flat plate designs
dominate the curved shell designs throughout the objec-
tive space. In the second model problem, a set of Par-
eto-optimal designs are obtained for Tungsten/Copper
isotropic plate and shells subjected to a sinusoidal heat
flux on the top surface, while the remaining surfaces
were maintained at the reference temperature. A range
of volume fraction profiles are presented for a function-
ally graded plate with varying degrees of strength and
mass, one of which included a pure monolithic Copper
plate. The results demonstrate the effectiveness of the
proposed methodology for tailoring the volume fraction
profile of functionally graded materials used in high tem-
perature and high heat flux applications.
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