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Analysis of Static Deformation,
Vibration and Active Damping of
Cylindrical Composite Shells with
Piezoelectric Shear Actuators
An analytical solution is presented for the static deformation and steady-state vibration
of simply supported hybrid cylindrical shells consisting of fiber-reinforced layers with
embedded piezoelectric shear sensors and actuators. The piezoelectric shear actuator,
which is poled in the circumferential direction, will induce transverse shear deformation
of the hybrid shell when it is subjected to an electric field in the radial direction. Suitable
displacement and electric potential functions that identically satisfy the boundary condi-
tions at the simply supported edges are used to reduce the governing equations of static
deformation and steady-state vibrations of the hybrid laminate to a set of coupled ordi-
nary differential equations in the radial coordinate, which are solved by employing the
Frobenius method. Natural frequencies, mode shapes, displacements, electric potential,
and stresses are presented for four-layer hybrid laminates consisting of a piezoelectric
shear sensor and actuator sandwiched between fiber-reinforced composite layers. Active
vibration damping is implemented using a positive position feedback controller. Fre-
quency response curves for different controller frequencies, controller damping ratio, and
feedback gain demonstrate that the embedded shear actuator can be used for active
damping of the fundamental flexural mode. In addition, it is demonstrated that vibration
suppression of thickness modes is also feasible using the piezoelectric shear

actuator. �DOI: 10.1115/1.1898337�
1 Introduction
A class of smart/adaptive structures, consisting of piezoelectric

materials integrated with structural systems, has found widespread
use in engineering applications. Numerous applications have been
proposed and conceived experimentally, such as for active vibra-
tion suppression �1–3� and noise cancellation �4�. A piezoelectric
actuator in an adaptive structure is a thin rectangular element that
is generally poled in the thickness direction and is usually bonded
to the surfaces of the host structure. The application of an electric
field in the thickness direction causes the actuator’s lateral dimen-
sions to increase or decrease. The lateral deformations of the ac-
tuator force the host structure to deform. In order to successfully
incorporate piezoelectric actuators into a structure, the mechanical
interaction between the actuators and the host structure must be
fully understood. Several analytical and finite element studies
have been presented for hybrid beams and plates with thickness-
poled actuators �5–9�. Chen et al. �10�, Dumir et al. �11�, and
Chen and Shen �12� have presented analytical solutions for the
plane strain static deformation and free vibration of hybrid com-
posite shells with radially poled piezoelectric actuators.

Piezoelectric actuators poled in the thickness direction are usu-
ally placed at the extreme thickness positions of a plate-like struc-
ture to achieve the most effective actuation. This subjects the ac-
tuators to high longitudinal stresses that may be detrimental to the
brittle piezoceramic material. Furthermore, surface-bonded actua-
tors are likely to be damaged by contact with surrounding objects.
To alleviate these problems Sun and Zhang �13� proposed an
adaptive sandwich structure consisting of an axially poled piezo-
electric core sandwiched between two elastic facing sheets. The
application of an electric field in the thickness direction will in-
duce transverse shear deformation of the core, thus generating the
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desired transverse deflection of the sandwich structure. Piezoelec-
tric actuators poled in such a way as to produce transverse shear
deformation under the action of an electric field in the thickness
direction are called shear actuators. Piezoelectric shear actuators
of various dimensions are commercially available �14�. Zhang and
Sun �15,16� developed a beam theory for sandwich structures con-
taining shear actuators by modeling the facing sheets as classical
Euler–Bernoulli beams and the central core as a Timoshenko
beam which allows transverse shear deformation. Benjeddou et al.
�17� developed a unified finite element model for extension and
shear actuation mechanisms with more detailed formulation of the
electric problem. Theoretical and finite element models for the
vibration control of sandwich beams with shear actuators have
demonstrated that shear actuators can be more effective than
thickness-poled actuators for the control of bending vibrations
�18�. Benjeddou and Deü �19� have analyzed the vibration of a
piezoelectric sandwich plate using a layer-wise first-order shear
deformation theory and through-thickness quadratic electric pro-
file. Vel and Batra �20,21� gave an analytical solution for the static
bending of a simply supported sandwich plate with an embedded
piezoelectric shear actuator. Benjeddou et al. �22,23� presented a
theoretical formulation based on the first-order shear deformation
theory and finite element implementation for shells of revolution
that consist of a piezoelectric shear core embedded within elastic
facings. Recently, Baillargeon and Vel �24� obtained an analytical
solution for the free vibration, forced vibration, and active vibra-
tion suppression of hybrid plates with an embedded shear actuator.

The analytical solution procedure for the bending and vibration
of composite shells with radially poled piezoelectric actuators
given by Chen et al. �10�, Dumir et al. �11�, and Chen and Shen
�12� are not applicable when the piezoelectric layers are poled in
the circumferential direction. Here we derive an analytical solu-
tion for the static deformation and steady-state vibration of com-
posite shells with embedded piezoelectric shear actuators and sen-
sors. The equations of motion, charge equation and constitutive

equations of linear piezoelectricity are exactly satisfied at every
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point in the hybrid shell. The boundary conditions at the simply
supported edges, the traction boundary conditions on the inner and
outer surfaces of the shell and the electromechanical continuity
conditions at the interfaces between dissimilar layers are also ex-
actly satisfied. The first nine natural frequencies, mode shapes,
and through-the-thickness plots of the displacements and stresses
are presented for sandwich shells consisting of circumferentially
poled piezoelectric sensor and actuator that are sandwiched be-
tween two fiber-reinforced composite layers. The analytical and
finite element results are in good agreement for the static defor-
mation and natural frequencies. Active vibration damping is
implemented using a positive position feedback controller �25–27�
wherein a second-order compensator is forced by the electric po-
tential of the sensor. The controller coordinate, amplified by a
gain, is then fed back as a voltage input to the piezoelectric shear
actuator. Frequency response curves for several different control-
ler frequencies, controller damping ratio, and feedback gain dem-
onstrate that the embedded shear actuator can be used for active
damping of the fundamental flexural mode. In addition, vibration
suppression of the thickness modes can also be achieved using the
shear actuator.

2 Formulation of the Problem
A cylindrical polar coordinate system, shown in Fig. 1, is used

to describe the infinitesimal deformations of an N-layer hybrid
cylindrical shell. The shell is of extent � in the � direction, H in
the r direction, and infinitely long in the x direction. The variable
R denotes the radial location of the mid-surface of the shell. The
radial locations of the bottom surface, N−1 interfaces between
adjoining laminae and the top surface of the shell are denoted by
r�1�=R−H /2, r�2� , . . . ,r�n� , . . . ,r�N� ,r�N+1�=R+H /2. Each lamina
is assumed to be made of a homogeneous material.

The equations of motion for lamina n, in the absence of body
forces and free charges, are
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Dr,r
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r
�D�,�

�n� + Dr
�n�� + Dx,x

�n� = 0.

where �, u, and D denote the Cauchy stress tensor, displacement
vector, and electric displacement vector, respectively, � is the
mass density and differentiation is indicated by a subscript
comma. A superimposed dot denotes differentiation with respect
to time t and the superscript �n� signifies quantities for lamina n.

The fiber-reinforced elastic layers are orthotropic with principle
material direction oriented at an angle to the � axis in the �–x
surface. The piezoelectric layers are transversely isotropic and
poled in the � direction. The constitutive equations, in contracted
notation, for lamina n are
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, �2�

where � denotes the infinitesimal strain tensor, E the electric field

piezoelectric shell
vector, Cij are the elasticity constants, eij the piezoelectric moduli,
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and �ij the electric permittivity. Material elasticities and permit-
tivities are assumed to yield a positive stored energy density for
every non-rigid deformation and/or non-zero electric field �28�.
For an elastic layer, the piezoelectric moduli eij are identically
zero. The infinitesimal strain tensor and the electric field are re-
lated to the mechanical displacements u and the electric potential
� by

���
�n� =

1

r
�u�,�

�n� + ur
�n�� ,

�xx
�n� = ux,x

�n�, �rr
�n� = ur,r

�n�, �xr
�n� =

1

2
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�n�� ,

�3�

�r�
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1

2
	1

r
ur,�

�n� + u�,r
�n� −

u�
�n�

r

, ��x
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1

2
	u�,x
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1

r
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�n�
 ,

E�
�n� = −

1

r
�,�

�n�, Er
�n� = − �,r

�n�, Ex
�n� = − �,x

�n�.

The edges �=0 and � are assumed to be mechanically simply
supported and free of electric charge, resulting in the following
boundary conditions:

���
�n� = ��x

�n� = 0, ur
�n� = 0, D�

�n� = 0 at � = 0,� . �4�

Analytical solutions for laminated shells can be obtained only for
certain combinations of boundary conditions on the edges. Chen
and Shen �12� assumed the edges to be electrically grounded
���n�=0� in order to obtain analytical solutions for hybrid lami-
nates with radially poled piezoelectric actuators. In the case of
circumferentially poled piezoelectric shear actuators, we assume
that the edges are free of electric charge �D�

�n�=0� in order to
obtain an analytical solution.

The boundary conditions prescribed on the inner and outer sur-
faces of the shell consist of either a mechanical displacement
component or the traction component in each of the coordinate
directions. In addition, either the electric potential or the normal
component of the electric displacement has to be prescribed. Typi-
cally non-zero normal tractions and electric potential are pre-
scribed on the inner and outer surfaces of a shell. Since any func-
tion can be expanded in terms of a Fourier series, it is sufficient to
consider the following electrical and/or mechanical loads on the
outer surface r=R+H /2 of the hybrid shell

�rr	�,R +
H

2

 = q0ei�t sin

k	�

�
,

�r�	�,R +
H

2

 = �rx	�,R +

H

2

 = 0, �5�

�	�,R +
H

2

 = �0ei�t cos

k	�

�
,

where k is a non-negative integer and � denotes the circular fre-
quency. Similar boundary conditions are specified on the inner
surface r=R−H /2 of the hybrid shell.

The interface conditions on the material surfaces r
=r�2� , . . . ,r�N� may be specified as follows.

�a� If the surface r=r�n+1� is an interface between two laminae,
the mechanical displacements, surface tractions, the electric po-
tential, and the normal component of the electric displacement
between them are continuous. That is

�ur,u�,ux� = 0, ��rr,�r�,�rx� = 0, ��� = 0,
�6�

�Dr� = 0 at r = r�n+1�,

where �ur�=ur
�n+1�−ur

�n� denotes the jump in the value of ur across

the interface. Thus the adjoining laminae are presumed to be me-
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chanically and electrically perfectly bonded together.
�b� If the interface r=r�n+1� is electroded, then the electric po-

tential on this surface is assumed to be a known function of the
form �0

�n+1�ei�t cos k	� /�. The normal component of the electric
displacement need not be continuous across this interface. Thus

�ur,u�,ux� = 0, ��rr,�r�,�rx� = 0,
�7�

��n� = ��n+1� = �0
�n+1�ei�t cos

k	�

�
at r = r�n+1�.

3 An Analytical Solution
We postulate that the displacements and electric potential are

functions of r and � only. Thus the hybrid laminate is in a gener-
alized plane strain state of deformation. This assumption is rea-
sonable because the applied loads and material properties are in-
dependent of x, and the body is of infinite extent in the x direction.

We seek a semi-inverse solution by assuming the following
forms for the displacements and electric potential:

u�
�n���,r,t� = U�

�n��r�ei�t cos p� ,

ux
�n���,r,t� = Ux

�n��r�ei�t cos p� ,
�8�
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�n��r�ei�t sin p� ,

��n���,r,t� = 
�n��r�ei�t cos p� ,

where p=k	 /�. The assumed displacement field satisfies the
boundary conditions �4� ur at the edges �=0,�.

Substitution of Eq. �8� into Eq. �3� and the result into Eq. �2�
yields the following expressions for the stresses and electric dis-
placements:
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An examination of Eq. �9� reveals that the stress components ���

and ��x and the electric displacement D� satisfy the boundary
conditions �4� at the edges �=0 and �.

Substitution of Eq. �9� into the governing equations �1� yields
four coupled second-order ordinary differential equations for
Ur

�n��r�, U�
�n��r�, Ux

�n��r� and 
�n��r�,
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mial in the exponent � , we obtain eight roots �m , m=1, . . . ,8.

398 / Vol. 127, AUGUST 2005
= 0,
�10�
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A solution to the differential equations �10� is sought by the
Frobenius method �29�. The functions Ur

�n��r�, U�
�n��r�, Ux

�n��r�, and

�n��r� are assumed to have the following series solution:

U�
�n��r� = r��n�
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�n��r� = r��n�
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�n,��r�,
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�n,��r�, 
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A�
�n,��r�,

where the exponent ��n� may be any real or complex number and
it is chosen such that either Ar

�n,0�, A�
�n,0�, Ax

�n,0�, or A�
�n,0� is non-

zero. Note that the latter condition is no restriction of generality
since it simply means that we factor out the highest possible
power of r. Inserting �11� into the differential equations �10� and
equating like powers of r��n�

on both sides of the equations results
in

M�n��0��
Ar

�n,0�

A�
�n,0�

Ax
�n,0�

A�
�n,0�
� = �

0

0

0

0
� , �12�

where the matrix M�n���� is
M�n���� = �
− C11

�n� − C55
�n�p2 + C33

�n��� + ��n��2 C11
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�n�p − �e13
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C11
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�n�p�� + ��n�� + C55
�n�p�� + ��n� + 1� − C11
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�n�p2 + C45
�n��� + ��n� + 1��� + ��n�� − e11
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�n�p + �C36
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�n��p�� + ��n�� − C16
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�n��p�� + ��n�� − e11

�n�p2 + e35
�n��� + ��n���� + ��n� − 1� − e16

�n�p2 + e34
�n��� + ��n��2 �11

�n�p2 − �33
�n��� + ��n��2

� .

�13�
A non-trivial solution for �Ar
�n,0� ,A�

�n,0� ,Ax
�n,0� ,A�

�n,0�� is obtained
by setting the determinant of the matrix in Eq. �12� to zero

�M�n��0�� = 0. �14�

Equation �14� is the indicial equation for the differential equations
�10�. Since the determinant of M�n��0� is an eighth-order polyno-

�n� �n�
The eigenvector of coefficients �Ar
�n,0� ,A�

�n,0� ,Ax
�n,0� ,A�

�n,0�� associ-
ated with each of the eight exponents �m

�n� is determined from the
nullspace of M�n��0� after setting ��n�=�m

�n�. It is assumed that the
exponents �m

�n� are distinct and do not differ by an integer value. In
the mathematically degenerate cases of repeated exponents or ex-
ponents that differ by an integer, the solution �11� needs to be

modified appropriately �29�.
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Inserting Eq. �11� into the differential equations �10� and equat-
ing like powers of r��n�+1 on both sides of the equations results in
equation for the series coefficients Ar

�n,1�, A�
�n,1�, Ax

�n,1�, and A�
�n,1�,

�
Ar

�n,1�

A�
�n,1�

Ax
�n,1�

A�
�n,1�
� = �M�n��1��−1�

0

0

0

0
� = �

0

0

0

0
� . �15�

It should be noted that M�n��1� in Eq. �15� is invertible when the
exponents �m

�n� are distinct and do not differ by an integer value.

Similarly, equating like powers of r��n�+� ���2� results in the
following recurrence relations for the series coefficients Ar

�n,��,
A�

�n,��, Ax
�n,��, and A�

�n,��:

Table 1 Non-vanishing material properties of graphite-epoxy
and PZT-5A shear actuators

Fig. 2 A four-layer hybrid shell w

sandwiched between fiber-reinforced co
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�
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�n,��
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�n,��
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�n,��
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�n,��
� = �M�n�����−1�

− ��n��2Ar
��−2�

− ��n��2A�
��−2�

− ��n��2Ax
��−2�

0
� . �16�

The recurrence relation �16� is evaluated successively for �

=2,3 , . . ., to obtain the series coefficients Ar
�n,��, A�

�n,��, Ax
�n,��, and

A�
�n,��. The complete solution, obtained by a superposition of the

solutions corresponding to the eight exponents �m
�n�, is

U�
�n��r� = 


m=1

8 	Bm
�n�


�=0




A�
�n,��r�+�m

�n�
 ,

Ux
�n��r� = 


m=1

8 	Bm
�n�


�=0




Ax
�n,��r�+�m

�n�
 ,

�17�

Ur
�n��r� = 


m=1

8 	Bm
�n�


�=0




Ar
�n,��r�+�m

�n�
 ,


�n��r� = 

m=1

8 	Bm
�n�


�=0




A�
�n,��r�+�m

�n�
 ,

where Bm
�n� are constants.

3.1 Static Deformation and Forced Vibration Analysis. If
the hybrid laminate is subjected to a static or time harmonic load,
the angular frequency � and k are known. The constants Bm

�n� are
obtained by applying four boundary conditions on the outer sur-
face �5�, four conditions on the inner surface of the laminate, and
eight interface conditions �6� or �7� at each of the �N−1� inter-
faces between the N laminae, which leads to the following matrix
equation:

G���B = W , �18�

where G��� is a known 8N�8N matrix, W is a known vector of
length 8N, and B is a vector consisting of the 8N constants Bm

�n�.
The linear system of equations �18� is solved to obtain the 8N
constants Bm

�n� and hence the solution for every layer. In the case of
static deformation the angular frequency �=0.

3.2 Free Vibration Analysis. The hybrid composite shell is
in a state of free vibration if it is not subjected to any applied

piezoelectric sensor and actuator
ith

mposite layers
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mechanical or electric loads. For fixed k �i.e., fixed p�, the series
coefficients Ar

�n,��, A�
�n,��, Ax

�n,��, and A�
�n,�� are obtained in terms of

� using the recurrence relations �16�. Applying the boundary con-
ditions on the outer surface, interfaces between laminae and the
inner surfaces of the laminate results in the following homoge-
neous matrix equation:

G���B = 0 , �19�

where G��� is an 8N�8N matrix whose elements are polynomi-
als of � and B is a vector consisting of the 8N constants Bm

�n�. A
non-trivial solution for the constants Bm

�n� is obtained by setting the
determinant �G���� equal to zero. The resulting polynomial equa-
tion is solved to obtain a set of eigenvalues that are arranged in
ascending order as ��k

�1� ,�k
�2� ,�k

�3� , . . . �, which are the natural fre-
quencies of the shell corresponding to the circumferential mode
shape defined by integer k. The eigenvector B associated with the
eigenvalue �k

�j� is determined from the nullspace of G��k
�j��. The

displacements, electric potential, stresses, and electric displace-
ment at any point within the laminate are determined using the 8N
constants Bm

�n� from the eigenvector B.

Table 2 Convergence study for a †0° Gr-Ep/PZT-5A/PZT-5A/

Fig. 3 Comparison of analytical static ele
circumferential stress, and transverse she
electric potential �„� , t…=�0 cos �� /� appli

hybrid shell
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4 Active Damping using Feedback Control
Active damping is implemented through feedback control. The

outer surface of the composite shell is subjected to harmonic dis-
tributed load

�rr
�N���,R + H/2,t� = q0ei�t sin 	�/� , �20�

where the circular frequency � is prescribed. We use the positive
position feedback �PPF� controller, introduced by Goh and
Caughey �25�, to achieve active damping. The PPF controller in-
troduces a second-order compensator which is forced by the elec-
tric potential of the sensor,

�̈ + 2�c�c�̇ + �c
2� = �c

2��0,rs,t� , �21�

where rs is the radial location where the sensor potential is mea-
sured, � is the controller coordinate, �c is the natural frequency of
the controller, and �c is the damping ratio of the controller. For
steady-state vibration, the controller coordinate is also harmonic
�=�0ei�t and Eq. �21� becomes

Gr-Ep‡ hybrid cylindrical shell for R=0.25 m and R /H=5

ic potential, circumferential displacement,
stress with finite element results for an

to the piezoelectric actuator of a four layer
0°
ctr
ar

ed
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− �2�0 + 2i�c�c��0 + �c
2�0 = �c

2
�ns��rs� , �22�

where the sensor is lamina ns. The amplitude of the controller
coordinate obtained from Eq. �22� is

�0 = � �c
2

��c
2 − �2� + 2i�c�c�

�
�ns��rs� . �23�

The controller coordinate �, magnified by a positive gain, is then
fed back as a voltage input � to a piezoelectric shear actuator

���,t� = g�c
2� cos 	�/� = � g�c

4
�ns��rs�
��c

2 − �2� + 2i�c�c�
�ei�t cos 	�/� ,

�24�

where g is the PPF feedback gain parameter which has units of s2.
The feedback potential of the PPF controller �24� is applied as

boundary conditions to the piezoelectric shear actuator. The
implementation of the other boundary conditions on the top and
bottom surfaces of the laminate and the interface conditions is
similar to that of forced vibration analysis discussed earlier. Since
��� , t� and 
�ns��rs� are functions of the constants Bm

�n�, the con-
troller parameter �c, �c and g appear in the left-hand side matrix
G in Eq. �18�. The displacements and stresses are complex valued
since the feedback potential �24� is complex. The magnitude and
phase of the displacements, electric potential, stresses, and electric
displacement with respect to the applied harmonic load can be
inferred from their respective real and imaginary parts.

In the present analysis, it has been assumed that the fiber-
reinforced laminae and piezoelectric layer have no material damp-
ing for simplicity. Therefore, any damping of the hybrid laminated
shell is a result of the PPF controller. Material damping of the
fiber-reinforced laminae can be incorporated using complex elas-

Fig. 4 First nine mode shapes for a †0° Gr-Ep/PZT-5A/PZT-5A/
�1

„1…=683.229 Hz, „b… �1
„2…=2393.43 Hz, „c… �2

„1…=2858.45 Hz, „d
„1… „1… „3…
�4 =7636.58 Hz, „h… �5 =9984.92 Hz, and „i… �1 =10223.9 Hz

Journal of Vibration and Acoustics
tic constants Cij. Piezoceramic damping has been incorporated in
the analysis of longitudinal vibrations of piezoceramics rods by
von Wagner �30,31�.

5 Results and Discussion
We present results for hybrid laminates with each lamina made

of either fiber-reinforced graphite-epoxy �Gr-Ep� or PZT-5A. The
graphite-epoxy is assumed to be orthotropic with its principal ma-
terial direction inclined at an angle � to the � axis in the �–x
plane. The PZT-5A is assumed to be transversely isotropic with �
axis as the axis of transverse isotropy, which is also the poling
direction. The material properties of the circumferentially-poled
PZT-5A were obtained by a tensor transformation of the material
properties given by Tang et al. �32� of PZT-5A poled in the radial
direction. The non-zero values of the material properties are listed
in Table 1 for the PZT-5A and graphite-epoxy with fiber orienta-

Table 3 First nine natural frequencies of a †0° Gr-Ep/PZT-5A/
PZT-5A/0° Gr-Ep‡ hybrid cylindrical shell for R=0.25 m and
R /H=5

Gr-Ep‡ hybrid shell, electrically closed, R=0.25 m, R /H=5: „a…

2
„2…=4780.83 Hz, „e… �3

„1…=5254.74 Hz, „f… �3
„2…=7156.76 Hz, „g…
/0°
… �
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�4
tions �=0° and ±45°. In our analysis, we consider all the layers,
including graphite-epoxy, to be piezoelectric with the piezoelec-
tric moduli of graphite-epoxy set equal to zero.

All results presented in this work are for four layer hybrid cy-
lindrical shells depicted in Fig. 2. The radial location of the mid-
surface of the hybrid shell is R=0.25 m and the thickness of the
shell H=R /5. The inner and outer layers �n=1,4� are made of
fiber-reinforced materials of thickness 0.4H that sandwich a pi-
ezoelectric sensor �n=2� of thickness 0.05H and a piezoelectric
actuator �n=3� of thickness 0.15H. The radial locations of the
inner surface, interfaces and outer surface are r�1�=R−0.5H, r�2�

=R−0.1H, r�3�=R−0.05H, r�4�=R+0.1H, and r�5�=R+0.5H. The
bottom surface of the sensor at r=r�2� is perfectly bonded and
conditions �6� are applied. The outer surface of the piezoelectric
actuator is electroded and interface conditions �7� are applied at
r=r�4�. The interface between the sensor and actuator at r=r�3� is
electrically grounded and conditions �7� are enforced with �0=0.

The effect of truncation of the series on the accuracy of the
natural frequencies, displacements, electric potential and stresses
is investigated by computing the solution at specific points in a �0°
Gr-Ep/PZT-5A/PZT-5A/0° Gr-Ep� hybrid shell. The natural fre-
quencies �1

�1� and �1
�3� and the corresponding electric potential,

displacements, and stresses at specific points of the piezoelectric
composite shell are listed in Table 2 for increasing number of

Fig. 5 The displacement and electric potential as a function
PZT-5A/PZT-5A/0° Gr-Ep‡ hybrid shell, R=0.25 m, R /H=5: „a…
�2

„2…=4780.83 Hz, „e… �3
„1…=5254.74 Hz, „f… �3

„2…=7156.76 Hz, „g…
terms K. These results show that the natural frequencies, mechani-
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cal displacements, stresses, and electric potential converge rap-
idly. Based on this convergence study, we use 60 terms in the
series solution �11� to obtain accurate results.

5.1 Static Deformation. We consider the static deformation
of a hybrid laminate with inner and outer laminae made of 0°
graphite-epoxy, i.e., a �0° Gr-Ep/PZT-5A/PZT-5A/0° Gr-Ep� lami-
nate. An electric potential �=�0 cos 	� /� is applied to the elec-
troded interface r=r�4� between the piezoelectric actuator and the
outer graphite-epoxy layer. There is good comparison of the static
displacement, electric potential, and stresses of the analytical so-
lution with a plane strain finite element solution, as shown in Fig.
3. This ensures that there are no algebraic errors in the implemen-
tation of the analytical solution. The plane strain finite element
solution is obtained using the commercial finite element program
ABAQUS/Standard 6.3-1 �33� with 5600 eight-node biquadratic
elements and 17257 nodes. The electric load to the piezoelectric
actuator causes the shell to deflect radially inward and causes a
zig-zag displacement u� in the circumferential direction as shown
in Fig. 3�b�. Due to the elastic coupling between the radial dis-
placement and the circumferential displacement, the shell exhibits
a non-zero average circumferential displacement u�, unlike a hy-
brid flat plate �21�. The maximum value of the transverse shear
stress occurs at the interface between the piezoelectric shear ac-

the radial coordinate for the first nine modes of a †0° Gr-Ep/

1
„1…=683.229 Hz, „b… �1

„2…=2393.43 Hz, „c… �2
„1…=2858.45 Hz, „d…

…=7636.58 Hz, „h… �5
„1…=9984.92 Hz, and „i… �1

„3…=10223.9 Hz
of
�
„1
tuator and the outer graphite-epoxy layer �Fig. 3�d��.
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=9
5.2 Natural Frequencies and Mode Shapes. The first nine
natural frequencies for the �0° Gr-Ep/PZT-5A/PZT-5A/0° Gr-Ep�
hybrid shell are listed in Table 3. In addition, the plane strain finite
element natural frequencies are listed in parentheses next to the
analytical results in Table 3. There is good agreement between the
analytical and finite element solutions. Since ABAQUS does not
have a generalized plane strain element for piezoelectric materi-
als, the out-of-plane modes with displacement in the x direction
cannot be captured by the plane strain finite element solution and

Table 4 Normalized displacements, stresses and electric poten
cal shell for R=0.25 m and R /H=5

Fig. 6 The stresses as a function of the radial coordinate f
hybrid shell, R=0.25 m, R /H=5: „a… �1

„1…=683.229 Hz, „b… �1
„2

=5254.74 Hz, „f… �3
„2…=7156.76 Hz, „g… �4

„1…=7636.58 Hz, „h… �5
„1…
Journal of Vibration and Acoustics
are indicated by �---� in Table 3. The corresponding analytically
obtained mode shapes are depicted in Fig. 4 by plotting the de-
formed shapes of material lines that in the reference configuration
are parallel to the coordinate axes. Although the shell is assumed
to be of infinite width in the x direction, the mode shapes are
truncated to a finite width for the purpose of illustration. Three of

the lowest nine modes corresponding to �1
�2�, �2

�2�, and �3
�2� are

out-of-plane mode that have non-zero displacement in the x direc-

l corresponding to the first nine modes of a hybrid cylindri-

the first nine modes of a †0° Gr-Ep/PZT-5A/PZT-5A/0° Gr-Ep‡
393.43 Hz, „c… �2

„1…=2858.45 Hz, „d… �2
„2…=4780.83 Hz, „e… �3

„1…

984.92 Hz, and „i… �1
„3…=10223.9 Hz
tia
or
…=2
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tion. Five of lowest nine modes, namely �k
�1� for k=1, . . . ,5, are

flexural modes of vibration. The ninth mode �1
�3� corresponds to a

thickness mode of deformation with significant change in thick-

Table 5 First nine natural frequencies of a †−45° Gr-Ep/PZT-
5A/PZT-5A/45° Gr-Ep‡ hybrid cylindrical shell for R=0.25 m and
R /H=5

Fig. 7 Magnitude and phase of radial deflection a
radial load for a †0° Gr-Ep/PZT-5A/PZT-5A/0° Gr-Ep‡

−8 2 „1… −8

„b… �c=0.05,g=5„10 … s , „c…, „d… �c=�1 ,g=5„10 … s
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ness in the radial direction.
Through-the-thickness plots of the displacements and electric

potential corresponding to the lowest nine natural frequencies are
shown in Figs. 5�a�–5�i� at specific circumferential locations. The
variables are plotted after normalization by their respective maxi-
mum values. The circumferential displacement u� has essentially a
linear variation in the radial direction for the fundamental fre-
quency shown in Fig. 5�a�. However, u� is highly non-linear for
the higher modes as evident in Fig. 5�h�. The through-the-
thickness variation of the stress components ���, �rr, ��r, and �x�
corresponding to the first nine modes are presented in Fig. 6. The
hoop stress ��� is essentially linear in the thickness direction
within each lamina for the fundamental frequency �1

�1�. For the
higher modes, the hoop stress ��� has a non-linear variation in the
graphite-epoxy layers and an essentially linear variation in the
piezoelectric layers. The shear stress ��x and longitudinal stress
��� are discontinuous at the interfaces between the graphite-epoxy
and piezoelectric laminae due to the abrupt change in material
properties. The transverse shear stress ��r has an approximately

a function of frequency of a harmonic distributed
brid shell with PPF control, R=0.25 m, R /H=5: „a…,
2 „1…
s
hy
, „e…, „f… �c=�1 ,�c=0.05
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parabolic variation through the thickness for the flexural modes
shown in Figs. 6�a�, 6�c�, 6�e�, 6�g�, and 6�h� and a piecewise
linear variation for the thickness mode shown in Fig. 6�i�. Nor-
malized numerical results for the displacements, stresses, and
electric potential are presented in Table 4 for the first nine mode
shapes. The natural frequencies of a �−45° Gr-Ep/PZT-5A/PZT-
5A/45° Gr-Ep� composite shell with off-axis fiber-reinforced lay-
ers are listed in Table 5.

5.3 Active Damping. Consider the �0° Gr-Ep/PZT-5A/0°
Gr-Ep� hybrid laminate discussed in the previous section of radius
R=0.25 m and R /H=5. It is subjected to the harmonic distributed
load �20� on the top surface. A second-order PPF compensator is
forced by the potential at a point on the bottom surface of the
sensor at r=r�2� and the feedback voltage �24� is applied to the top
surface of the PZT-5A shear actuator at r=r�4�. Note that rs=R
−0.1H and ns=2 in Eq. �24�. We seek to quantify the effectiveness
of the piezoelectric shear actuator and the PPF controller for vi-
bration suppression. For a given choice of control parameters �c,
�c, and g, the steady-state response of the system is computed for
a given forcing frequency �. The magnitude and phase of the
radial deflection is plotted as function of the forcing frequency �
for different controller parameters to obtain frequency response
curves.

Targeted vibration suppression of the fundamental mode of vi-
bration is achieved by choosing the compensator frequency �c to
be close to the fundamental frequency �1

�1�=683.292 Hz �Table
3�. Figure 7�a� shows the frequency response curves for controller
frequencies of �c=�1

�1�, 1.1�1
�1�, 1.35�1

�1�, and 1.4�1
�1�. The con-

troller parameters �c and g were kept constant at 0.05 and 5
�10−8 s2, respectively, for results in Fig. 7�a�. The magnitude of
the radial deflection is normalized by the forcing function ampli-
tude q0, R, and C0, which have values of 1 N/m2, 0.25 m, and
21.1 GPa, respectively. The PPF controller reduces the peak radial

Fig. 8 Magnitude of electric potential to act
distributed radial load for a †0° Gr-Ep/PZT-5A/
R=0.25 m, R /H=5: „a… �c=0.05,g=5„10−8

… s2, „
displacement at resonance. It is observed that the maximum sys-
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tem damping is achieved when the controller frequency �c is
chosen to be equal to the fundamental frequency �1

�1�. The corre-
sponding phase difference between the radial deflection and the
applied harmonic load is shown in Fig. 7�b� as function of the
forcing frequency �. The magnitude and phase frequency re-
sponse curves for controller damping ratios �c=0.05, 0.15, 0.35,
and 0.5 are shown in Figs. 7�c� and 7�d� for controller frequency
�c=�1

�1� and g=5�10−8 s2. The figure shows a decrease in sys-
tem damping for increasing controller damping ratio. The re-
sponse of the system due to changes in the PPF gain parameter g
is evident from Fig. 7�e�. As the parameter g is increased, the
system damping also increases. The magnitude of the electric po-
tential applied to the piezoelectric actuator is shown in Fig. 8 as a
function of the forcing frequency for different control parameters.
Figure 8�a� demonstrates that the feedback electric potential ap-
plied to the piezoelectric actuator is smaller for �c=�1

�1� than for
�c=1.4�1

�1�, although the system damping is larger for �c=�1
�1�

�Fig. 7�a��. There is no significant change in the feedback poten-
tial applied to the parameter is increased �Fig. 8�c��, although the
gain parameter has a large effect on the system damping �Fig.
7�e��.

The efficacy of the PPF controller for active vibration suppres-
sion of the thickness vibration mode shown in Fig. 4�i� is inves-
tigated next. The natural frequency of this thickness mode for
R /H=5 is �1

�3�=10223.9 Hz. The non-zero circumferential elec-
tric field E� will influence the transverse normal strain �rr and the
transverse normal stress �rr through the piezoelectric coefficient
e13. Therefore, the feedback controller will introduce active damp-
ing in the thickness vibration modes that exhibit significant trans-
verse normal strain �rr. Figure 9�a� contains the frequency re-
sponse curves for four different controller frequencies �c=�1

�3�,
1.1�1

�3�, 1.35�1
�3�, and 1.4�1

�3�. It shows the PPF controller is very

or as a function of frequency of a harmonic
T-5A/0° Gr-Ep‡ hybrid shell with PPF control,
�c=�1

„1… ,g=5„10−8
… s2, „c… �c=�1

„1… ,�c=0.05
uat
PZ
b…
effective for the active damping of the thickness mode of vibra-
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tion. The largest damping is achieved when the controller fre-
quency �c is equal to the natural frequency �1

�3�. The frequency
response curves for various controller damping ratios, depicted in
Figs. 9�c� and 9�d�, show that a smaller controller damping ratio
increases the system damping. As expected, a larger gain param-
eter g increases the system damping, as shown in Figs. 9�e� and
9�f�.

It should be noted that near the resonance frequency, the piezo-
ceramics are expected to behave nonlinearly �34�. However, the
results from the present analysis are based on a linear model of the
system. The inclusion of nonlinear effects may have a significant
effect on the efficacy of the PPF controller and affect the results
qualitatively and quantitatively.

6 Conclusions
We have derived an analytical solution for the static deforma-

tion, vibration, and active damping of hybrid cylindrical shells
with embedded piezoelectric shear sensors and actuators. The

Fig. 9 Magnitude and phase frequency respons
uted radial load for a †0° Gr-Ep/PZT-5A/PZT-5A/0
R /H=5: „a…, „b… �c=0.05,g=5„10−9

… s2, „c…, „d… �c=
edges of the composite shell are simply supported. The governing
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equations of linear piezoelectricity, the boundary conditions at the
simply supported edges, and the interface conditions between dis-
similar layers are exactly satisfied. Suitable displacement and
electric potential functions that identically satisfy the boundary
conditions are used to reduce the equations that govern the static
deformation and steady-state vibrations of a hybrid shell to a set
of coupled ordinary differential equations with non-constant coef-
ficients, which are then solved by employing the Frobenius
method. The analytical solution thus obtained is valid for any
radius-to-thickness ratio.

The analytical and finite element results for the displacements,
electric potential, stresses for the static deformation are in good
agreement. The first nine natural frequencies, mode shapes, and
through-the-thickness plots of the displacements and stresses are
presented for hybrid shells consisting of circumferentially poled
piezoelectric sensors and actuators sandwiched between two fiber-
reinforced composite layers.

Active damping is implemented using a PPF controller. PPF

urves of radial deflection for a harmonic distrib-
r-Ep‡ hybrid shell with PPF Control, R=0.25 m,

3… ,g=5„10−9
… s2, „e…, „f… �c=�1

„3… ,�c=0.05
e c
° G
�„
control introduces a second-order compensator which is forced by
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the potential from a transverse shear sensor. The controller coor-
dinate, magnified by a gain, is then fed back as a voltage input to
a piezoelectric shear actuator. It is found that the PPF controller is
effective for active damping of flexural and thickness modes of
vibration. Frequency response curves are presented for various
controller frequencies, controller damping ratios and feedback
gain parameters.
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