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An analytical solution is presented for three-dimensional thermomechanical deformations of a simply supported 
functionally graded (FG) rectangular plate subjected to time-dependent thermal loads on its top and/or bottom 
surfaces. Material properties are taken to be analytical functions of the thickness coordinate. The uncoupled quasi-
static linear thermoelasticity theory is adopted in which the change in temperature, if any, due to deformations is 
neglected. A temperature function that identically satisfies thermal boundary conditions at the edges and the Laplace 
transformation technique is used to reduce equations governing the transient heat conduction to an ordinary 
differential equation (ODE) in the thickness coordinate which is solved by the power series method. Next, the 
elasticity problem for the simply supported plate for each instantaneous temperature distribution is analyzed by using 
displacement functions that identically satisfy boundary conditions at the edges. The resulting coupled ODEs with 
variable coefficients are also solved by the power series method. Results are given for two-constituent metal-ceramic 
FG rectangular plates with a power-law through-the-thickness variation of the volume fraction of the constituents. The 
effective material properties at a point are determined by the Mori-Tanaka homogenization scheme.  
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1  Introduction  

 Laminated composite plates are extensively used 
due to their high specific strength and high specific 
stiffness. However, the abrupt change in material 
properties across an interface between discrete 
materials introduces large interlaminar stresses that 
could cause delamination. One way to overcome this 
adverse effect is to use functionally graded materials 
(FGMs). In an FG plate, the volume fraction of the 
constituent materials changes gradually, usually in the 
thickness direction only. Recently Vel and Batra [1,2] 
presented a three-dimensional (3D) exact solution for  
mechanical vibrations and steady state thermal stresses 
in a simply supported FG rectangular plate. Since the 
magnitudes of transient thermal stresses are usually 
larger than those of steady state stresses, it is important 
to quantify them for proper design of a FG plate. 
 Some attempts have been made to analyze 3D 
transient temperature distribution and thermal stresses 
in FG plates. For example, Ootao and Tanigawa [3] 
have approximated an FG plate as a laminated plate 
consisting of a series of laminae, with each lamina 
assigned slightly different material properties. Kim and 
Noda [4] adopted a laminate theory and obtained 
Green's function solution for analysing the 3D transient 
temperature distribution. Jin and Batra [5,6], amongst 
others, have used the quasi-static 2D linear 
thermoelasticity theory to study fracture characteristics 
at a crack tip in an FG plate.  

 Here we present an analytical solution for 3D 
transient thermal stresses of an FG thick plate. We 
assume that the macroscopic properties of the plate 
material are isotropic and vary smoothly in the 
thickness direction. We expand material properties as a 
Taylor series in the thickness direction thus 
circumventing the laminate theory approximation. A 
temperature function that identically satisfies thermal 
boundary conditions at the edges and the Laplace 
transformation technique are employed to reduce 
equations governing the transient heat conduction to an 
ordinary differential equation (ODE) in the thickness 
coordinate, which is then solved by the power series 
method. The uncoupled quasi-static linear 
thermoelasticity theory is adopted in which changes in 
temperature, if any, due to deformations are neglected. 
Displacement functions that identically satisfy 
mechanical boundary conditions at edges are used to 
reduce partial differential equations governing 
mechanical deformations to a set of coupled ODEs in 
the thickness coordinate, which are solved by the power 
series method. 
 We consider a metal-ceramic graded plate with a 
power-law variation of the volume fractions of the 
constituents through the thickness. The effective 
material properties at a point are determined from the 
local volume fractions of constituents and their material 
properties using the Mori-Tanaka method [7]. The 
temperature, displacements, and stresses at critical 
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locations for transient thermal loads are given for Al-
ZrO2 and Al-SiC functionally graded plates. 

2  Problem Formulation  

We use rectangular Cartesian coordinates xi 
(i=1,2,3) to describe the thermomechanical fields in a 
plate occupying the region [0,L1]×[0,L2]×[-H/2,H/2] in 
the unstressed reference configuration at a uniform 
temperature. The plate is made of an isotropic material 
with material properties varying smoothly in the x3 
(thickness) direction only.    The analysis is based on 
the uncoupled, quasi-static linear thermoelasticity 
theory wherein both, the change in temperature of the 
elastic body due to working of elastic deformations, and 
the inertia term in the equations of motion, are 
neglected. In a consistent linear thermoelasticity theory 
for a body unstressed in the reference configuration, the 
elastic working is a second-order effect and is hence 
ignored. Thus the heat equation in the absence of 
internal heat sources and the equations of motion in the 
absence of body forces reduce to 

 
(1)

where c, ρ, T, qj and σij are the specific heat, the mass 
density, the change in temperature of a material particle 
from that in the stress-free reference configuration, the 
heat flux and the Cauchy stress tensor, respectively. A 
comma followed by index j denotes partial 
differentiation with respect to the position xj of a 
material particle, a superimposed dot indicates partial 
derivative with respect to time t, and a repeated index 
implies summation over the range of the index. 

    Constitutive equations for a linear isotropic 
thermoelastic material are 

 
(2)

where λ and µ are the Lamé constants, β is the stress-
temperature modulus, κ is the thermal conductivity, εij 
is the infinitesimal strain tensor and δij is the Kronecker 
delta. The material properties c, ρ, λ, µ, β and κ are 
functions of x3. 
 The edges of the plate are assumed to be simply 
supported and maintained at the reference temperature: 

(3)

The top and bottom surfaces are traction free and the 
thermal boundary conditions are specified as 

(4)

where  ϕ⁺(t) and ϕ⁻(t) are known functions, a = kπ/L1, 
b=mπ/L2, and k and m are positive integers. By 
appropriately choosing values of constants ϑ± and ξ±, 
various boundary conditions corresponding to either a 
prescribed temperature, a prescribed heat flux or 
exposure to an ambient temperature through a boundary 
conductance can be specified on the top and bottom 
surfaces of the plate. 

3  Three-dimensional Analytical Solution 

3.1 The Heat Conduction Problem    
We assume that the material properties are analytic 

functions of x3 and thus can be represented by a Taylor 
series expansion about the midsurface as 

(5)

A solution for the change in temperature is sought in 
the form   

(6)

Substitution for T from (6) into (2)2, the result into (1)1, 
and taking the Laplace transform with respect to time t 
gives the following ODE involving only spatial 
derivatives of Θ(x3,s)≡L[θ(x3,t)], 

 (7)

We assume a solution for Θ in the form of a power 
series 

 (8)

 
The series (8) and the Taylor series for κ and cρ in (5) 
are substituted into equation (7). By multiplying the 
infinite series, appropriately shifting the index of 
summation and equating each power of x3 to zero, we 
obtain the recurrence relation 

 

(9)

for α=0,1,2,…. Evaluation of the recurrence formula (9) 

successively for α=1,2,…, gives 
~
Θ (α+2)(s) in terms of 

arbitrary functions 
~
Θ (0)(s) and 

~
Θ (1)(s), which are 

determined from the boundary conditions on the top 
and bottom surfaces of the plate. The temperature field 



 

 

is obtained by taking the inverse Laplace transform of 
Θ (α)( x3,s) and substituting for θ(x3,t)  in (6).  
 
3.2 The Displacement Field and Thermal Stresses    
 A solution for the displacement field is sought in 
the form 

 

(10)

which identically satisfies the homogeneous boundary 
conditions (3) at the simply supported edges. 
Substitution for u and T from (10) and (6) into (2) and 
the result into (1)2 gives the following coupled system 
of second-order ODEs: 

 

(11)

We assume a power series solution for displacements as 

 (12)

Inserting into the ODEs (11) the material properties λ, µ 
and β from (5) and the assumed power series solution 
for the displacements from (12) and temperature field 
θ(x3,t), we obtain three coupled recurrence algebraic 
relations for Ũi(x3). The recurrence relations are 
evaluated successively for α=0,1,…, to obtain Ũ1

(α+2), 
Ũ2

(α+2) and Ũ3
(α+2) in terms of six arbitrary constants 

Ũ1
(0), Ũ2

(0), Ũ3
(0), Ũ1

(1), Ũ2
(1), Ũ3

(1). These six constants 
are determined by satisfying the traction-free 
mechanical boundary conditions on the top and the 
bottom surfaces of the plate. Thus displacements and 
stresses at any point in the plate can be determined. 

4  Results and Discussion  

We present exact results for a simply supported 
square plate with its top surface subjected to a transient 
thermal load. Since it is common in high-temperature 
applications to employ a ceramic top layer as a thermal 
barrier to a metallic structure, we study functionally 
graded plates with Aluminum as the metallic phase and 

either SiC or Zirconia as the ceramic phase. Values 
assigned to material properties are: 

 

(13)

We assume that the volume fraction of the ceramic 
phase is given by the power-law type function 

 
(14)

Here Vc
+ and Vc

- are, respectively, the volume fractions 
of the ceramic phase on the top and the bottom surfaces 
of the plate, and the parameter p dictates the volume 
fraction profile through the thickness. The material 
properties of the metal-ceramic composite is 
homogenized using the Mori-Tanaka scheme as 
described in [7]. The dimensions of the simply 
supported plate are L1=L2=0.25 m.  

We study the problem when the prescribed 
temperature on the top surface of the plate increases 
exponentially from the reference temperature to a 
prescribed steady state value given by 

 (15)

 
Figure 1: Variation of the temperature at the centroid 

of the plate as a function of nondimensional time 
 
The bottom surface is maintained at the reference 
temperature, i.e., T(x1,x2,-H/2,t)=0. The parameter γ 
determines the rate of temperature change on the top 
surface, Vc

-=0, Vc
+=1, L1/H=5 and p=2. The Mori-

Tanaka homogenization 



 

 

 

 
Figure 2: Transverse deflection u3 at the centroid of the 

plate. 
scheme is used to find the effective material properties 
with the metal (Al) taken as the matrix phase and the 
ceramic as the particulate phase. In the following 
figures, α0 and E0 are the thermal expansion coefficient 
and Young’s modulus, respectively, of aluminum.  The 
abscissa in these figures is the time non-
dimensionalized by 0

2
00 /κρ Hctr = , where c0, ρ0 and 

κ0 are the material properties of aluminum. 
 

The time evolution of the temperature at the middle of 
the plate is shown in Figure 1 for Al-ZrO2 and Al-SiC 
functionally graded plates for γ=10 s-1. The temperature 
rise in the Al-ZrO2 FG plate is significantly smaller 
than that in the Al-SiC plate since the thermal 
conductivity of Zirconia is smaller than that of SiC. 
However, the centroidal deflection of the Al-ZrO2 plate 
is larger than that of the Al-SiC plate as shown in Fig. 
2. 

 
Figure 3: Transient normal stress σ11 at the centroid of 

the top surface of the plate. 
 
The magnitude of the normal stress at the centroid of 
the top surface in a functionally graded plate increases 

rapidly and then decreases to its steady state value as 
shown in Fig. 3.  

 
Figure 4: Transverse shear stress σ13 at the centroid of 

the edge surface x1=0 of the plate 
 
The maximum value of the transverse shear stress at the 
centroid of the edge surface x1=0 is smaller for an Al-
ZrO2 plate than that in an Al-SiC plate as can be seen 
from Fig.  4. 
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