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From a physicisg(point of view

Number theoris&= someone who is willing to spend an
Infinite amount of time on an impossible problem.



Farey fractions

mini—course in statistical mechanics
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generalized Knauf model

cluster approximation



® including a magnetic field
® renormalization group analysis
® cluster approximation analysis
® critical Farey tree partition function

® summary



Farey Fractions

The Farey fractions (modified Farey sequence) may be
defined by addition:

level
0 1
1 -1
0 1 1
1 > 1 2
0 1 | 9 1
1 3 2 3 1 3
o 1 1 2 1 3 2 3 1
1 4 3 5 9 S 4




At each level, we keep the fractions previously genera
(the OoldO fractions) and generate OnewO ones.
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are neighboring fractions at level k, then a OnewO frac

a-+b
c+d

appears between them at lekel/. In this way all rationals
In [0,1] are generated a3 ! .



Alternatively, one can generate the Farey fractions usil
products of the matrices
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and
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B =
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Each such product afmatrices is denoted

My = AAB ,y BAA = a b
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a b
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When the product begins with one has
b a
< —
d c

with a/c the neighbor ob/d at levelk, and allzk'

fractions are generated.



Of course, there Is more charming way to generate ther

Which explains
the name...



Mini—course in Statistical Mechanics:

TheFarey fraction spin chairare a set of physical mode

built on the Farey fractionslo get an idea of their physic

Interest, we need to introduce a few guantities from
statistical mechanics.

Consider the following simple model of a magnet: a ch
composed of molecules (OspinsO), each of which can |
either up! or down" . Themagnetization = (number of ug

spins - the number of downs}./ In order to account for

thermal effects we must perform a certameighted
averageover all possible arrangements (configurations
states) of ups and downs, then letltveythk of the chain
(the number of spins) go ! .



With £ spins there arek

11!
| ‘#ﬁ___ﬂ;
k

configurations (states).

Theprobability of a givenconfiguration (the Boltzmann
factoiO) depends on its egglz and the temperature

e E/T

Z

p:

where thevartition function Z1s just the normalizing factol

7 = o E/T

configs



Note that the probability of a configuration (state) decre

with its enegy. Thus the state dbwest eneayy (the Ogroun

stateO) has thagest probability This is generally ordere

(magnetized) and dominates at low temperatures, as w
see.



The Z plays another role as well. Its
logarithm gives theéce enerey £, the function that determin
the thermodynamic behavior of the system. Explicitly

. InZ
f=1 TkI!I"m —
Of course, for an arbitrary choice of egyeF, it Is not
obvious thaf will exist. If it does exist, its singularities (a
a function of7) determine th@hase transitionef the
model. Both their location and nature are of interest,
especially the latteias we will see. In our case there is
phase transition betweemagnetizedordered) state and

unmagnetizeqdisordered) state.



In order to specify our model, we muist the configurations
andassign an engy to each one. For us, a configuration

just one of the:’k products ok matrices4 andB. Each4 =

|, spin up, whileB =" , spin down.Thus the configuration
with all 4s has all spins up

111 1l = AF =
D 5T A
k

-4
k 1

Here the chain isompletely magnetized



TheTrace Model:

There are various ways tefine the enegpy that are of
physical interest. One can use the product ok tmatrices
mentioned

g
q
k
Note that dei{) = det(B) = 1, soad - bc = 1, and all matrix

entries are non-negative. For thece Modeltheenepgy of
a given configuration Is

E,=In[Tr(M;)] = In(a+ d),

so the IS simply
2k

1
Zi(T) = Z Tr (M7

=1




The is all spins up (or down)

r —r

gt AT
k
with enegy
Ero=In[Tr(A*)] = In2.

Turning over one or more spins gives an Oexcited stat
with enegy thatgrows with chain lengtiat least like

In(k). Themaximum excited state emggrgrows likek
for the OantiferromagneticO state

(LT - T

k




Now there are only two ground states, but exponentia
many excited stateg/{2). Additionally, thefree enegy is
known to existand there is aingle phase transiticat
temperaturd |, = 172. Fork! 1 the ground states

dominate at low temperatutesloweverfor T > TC, the

system goes into @sorderedthermodynamic) state, I.e. |
undegoes a phase transition.



It Is unusuatlto find a phase transition at finiféin a oneb
dimensional system. Generally such systems are alw
ordered or always disorderedlhe transition here is also
interesting because it is€xondBord@r (the first derivative
of £Is continuous aTC).



Themagnetizatior(for an ! chain) goes from
(m = 1) toparamagneti¢n = 0) at the transition, which
occurs atT, = 1/2. The lowbtemperature state is comple

ordered, witmo thermal d&ctsat all (this I1s also unusual

L




The free energy f vanishes for T < T, and 1s negative

for T > TC. Just above the transition it has the form
(Fiala, PK, and Ozliik, 2003)

| t
In(T — T,) N

(we’ll explain how this 1s known shortly). This
functional form means that the transition is (barely)
second—order.




Summary:

S
Mk:AABJ-#BA%: c d
k
Ei =In(a+d)
a 1 By (n)
K (N
Zk(T):Z(a+d)1/T (:Z AU T )
| = N
. InZ
= | _
f 'Tklll"m T
T-T.

s In(T —T,) (TC = 1/2)



The trace model has inspired some workiimn
Define first
L k(n) = [{Me|[Tr(My) = nj
..e., the number of configurations in a chain of leriginth
enepgy In(z) (Q@lensity of state€@). (Note that usirg,, ;,
becomes a Dirichlet series.) Howeveér, turns out to be
difficult to handle. If one lets

()= 31 k(n)
k=1

and defines aummedOdensity of statesO

| N

I (N)= " (n)

n—=2



Kallies, Ozliik, Peter and Snyder (2001) and Boca (2005)
have shown, using results for reduced quadratic
irrationalities, that as N ! oo the summed density of states

\IJ(N):!%NZIn(N)JrCNZJrO(N B+ly,

Additionally, M. Peter (2001) proved that for the density
states itself

T (N)
lIm
N —oco NINN

does not even exlsi(it@ a distribution). Genericallyhe

reason Is that there fisactal behavioin this model (the

Farey chain was originally studied as a model of
iIntermittency in chaos)...



For instance, here are tharey denominatoat levelk = 16:
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Next we consider thgeneralized Knauf modéthanks Don
Zagier!), in which theenepgy is defined via
E. = In(cx+d), with aparametex " 0 b recall that the

configuration matrix is given by

N

M. = AAB ... BAA = (a b)
k

The resultingoartition functionis

2k 1
Zk(xaﬁ) — z:zl (CCIZ"‘ d)ﬁ
(with " = 1/7)



Thefree enegy, howeveris exactly the samas in the trace
model. So why bother?

1) Because we can see very clearlydbenection with
dynamical systemsnd

2) certaincorrelation functiongexpectation values) ca
be exactly calculated.



First, to generatéf, , , multiply M, by A orB; I.e.

M, ;= {MkA : MkB}. From this dunctional recursion

relationfollows immediately:

1 X

Zi+1(X, 1) = (x + 1)62"“(

)+ Zp(x+ 1,
)+ Zi(x+ 11)

Note that If we set = 0, onIka(O,") ande(I,") appear

This closure is very useful.
(Note that our recursion relation is closely related to tf
Q.ewis threeBterm equatiOrwhich has been extensivel
studied in the theory of the Selgefunction.)



Next, consider thearey magon [0,1]

fla)=4¢ 77 N 08 | \
T 1/2 <«
! 06 | —
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4
The associatetiansfer 02| /ﬁ
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What is the connection with the Farey fractiongieinverse
maps((resentation functiond) are

X 1
F{ =

Fo = , .
. 14X 1+ X

Acting on /2, these generate the OnewO Farey fraction
Qrarey tre®). EgFO(]/Z) =1/3, F (1/2) =2/3;

FF(1/2)=1/4, F | F(1/2)=3/4, etc.

At each levek thezk'2 new fractions are generated by
composition 01F0 andF].



Using the &vennesd property

Zi(, 1) = S Zi(C )

it follows that the transfer operator is theemeas the rhs of
the functional recursion chk(x,"). One finds easily that

Zo(x,1) = ;L"“ll( X)
which implies that thepectrum of the transfer operator
determines theartition functionandfree enegy. Prellbeg
(2003) has determined the spectrum. His result for th
leading eigenvalu# then gives the form of the free eger

near the transition quoted above:

T T,
In(T —T,)

f ~



Theexpectation valuef a quantityQ In statistical mechani
IS the weighted sum over configurations given by

E;/T

Z )

< Q>: ZQiG!

wherte. IS the value oD In theith configuration andEl. IS

theenepgy of thez‘th configuration. WhenQ involves

guantities at more than one location (e.g. on the spin cf
this Is called ac@rrelation functio.



Now for somecorrelation(expectation value) resultd.he
following are for thex = 0 case, which is the Ocanonica
partition function studied by Knauf and cobworkers. In
case there is an upbspin (mat)xat the beginning of the
chain, so at low temperatures all spins are upk(fér ).



Our results are in terms of tleading eigenvalu#

A=e '

of the transfer operatar. Using the&unctional recursiorand
spin flip behavior (the OevennessO mentioned is invari
under spin flip) we find, above the transition,
(Fiala and PK, 2004)

,, 1 2%
A U ),
!

n

The rhs is always 1/2, due to thenitial upbspin



On the other hand

Lt L HSE ARLLJS L # L HD
\I,./ —— 2\ \|/ "~
! n ! n

So the downbspin on the edge cancelthe efect of the
initial up spin, making the functiondependent of and of
thedirection of the spirat distance.

his would seem to be a curious eddedf but we also
find...



)\_
Tl 1) = 1:( Lo b1 1),

! U N ! U

o n r—1 o n r—1

This exhibits thesame dicts which is unexpected.

(

The spins on the rh edge arelaster whichremoves the
spin asymmetryrom the spin at distanee What is striking
IS that this occurszgardless of the cluster sizeand forany

temperatur@above the transitioWe will see that such
clusters provide anechanisnfor the phase transition.




Cluster approximation:

The dynamical system connection suggests (via
linearization of the return map) a cluster
approximation (Prellberg, Fiala and PK 2005).
Introduce the matrix S

10
01

_01 % —
S= 4 5=

Now consider eachonfigurationas aseries of clusteref up
and down spins. Usingone finds, for example

Lot wn9en = (V) (1)

m n



then assume & cluster form for the engy
Tr[(A™S)(SB™)] ~ Tr[(A™S)|Tr[(SB™)]
so that the engy becomesidditive,
Ei =~ In(m) + In(n).



Applying this to amarbitraryexcited state makes the eger
of each configuration a sum and leads tocfizend partition

function
2 20,A\*(2, 3)

z ::! 2 =2 't - '
G(z,B) kg ZdP) =2 Y T e
7

ground states

excited state

For our spin chain theluster generating function
|- n

! (2,0) = . (n(n+ 1)o7




The free en@y (and phase boundary) are given In term:
thesingularitiesof G. One has f(") =Inz ("), wherez IS

thesmallest singularityf G for realz. This can arise from

the first term, due to the ordered states, or the second |

due to the clustersA changebover from one to the othe
gives rise to a phase transition.

Asymptotic analysiseproduces the rigorous results
T, = 1/2 and




The significance of the cluster approximation for the Fa
fractions has not been explored...

(The cluster approximation results in a model closely
related to ther@cklac®© models of Fisher and Felderho



Including a magnetic field
There 1s no Hamiltonian per se 1n this model.
However the interactions are , long-
range, and ferromagnetic. Hence it 1s natural to
introduce a magnetic field with ferromagnetic
coupling
Ex =In[Tr(M)]! h(N, ! N-)

where Nz 1s the number of up spins A matrices) and
Ng the number of down spins (B matrices) in a given
configuration. This new coupling term should be
(in the scaling sense).



Assuming Ising-like behavior with a marginal field
(thanks M.E. Fisher!), one can perform an RG
analysis (Fiala and PK 2004). Due to the marginal
field, this 1s a bit more complicated than normally,
but the results are completely consistent with our
rigorous results and there are no apparent violations
of scaling theory.

(One finds RG eigenvalues are Y= d= yh.)



Since this model has long—range interactions, RG 1s a
bit suspect. So it 1s interesting to apply the cluster
approximation to this extended model. One finds

(Prellberg, Fiala and PK 2005) a grand partition
function G(z,!,h)=G#(z,!,h)+G#(z,!,-h)

Yy g e
Gz, 3, h) ~2 &

— 3k

o _"‘ghﬂl"u’i[.’ff —Bh '.llef'_ul:fz'-'ﬂh. 1)

I

1 — Alze—Fh, G)A(zePh, 3)

With the sameluster generating functickas before.
Asymptotic analysis gives resuksnilarto what one finds
with RG



The main RG and cluster results are:
|) for the free energy at h = 0 and T near Ic

The constant C differs in the two cases, but the
with the rigorous result.
2) for the phase boundary:

(With again, different constants in the two cases.) The phase
diagram is






3) For the free energy at small h, near the second—order
point, via cluster analysis

Ot A, h?
}LWEm_E_T (h<<t/IOgt)

and from RG

I L, thIogt
a—
logt t

Here the magnetic field term has a in

the two cases. Which (if either) is correct is unclear. It does

not seem to be possible to alter the RG analysis to make the
two agree without changing the h = 0 term.



Critical Farey tree partition function:

heFarey tregartition function was originally studied b
Feigenbaum et al as a model of multifractals. It has tl
same free engy f as the other Farey model&t the critical
point, it reduces to the sum over alternatéed#nces
betweemew Farey fractions (at each levellhese
differences are called2@ O intervalsThe complementar
set are thedddO intervals.

For Instance, at levél= 4

odd even odd | even odd
0 1 1 2 1 3 9 3
1 4 3 5 9 5 3 A



At an arbitrary level, there are many even and odd inter

‘__I_..----""--'- ‘1} ----- -"'-.l
A I’ g
i 1
k=2 $ H £3 £ T
| |




One can show (Fiala and PK, 2005) that

2

2 E_
REPILE

2j +3

- gla) e
GHoG+y =k =t

Here]k(o) IS thesum of odd intervalat leve

(e)
k, and]k

thesum of even interval@which is the same as the Fare

tree partition function).T

that]k(e) > " for all &, t

hmmfl( °) = (.

k— oo

ne lhs woulc

Nus, If there were ah> 0 such

. Hence

Numerically it Is clear that the limit is zero.
This Is apparently a new and unexpected property of

Farey fractions.



Summary

We considered the Farey Fraction Spin Chain, one:
dimensional statistical mechanical models built on the F
fractions (modified Farey sequence).

1) Dynamical systems connection proves, rigorqusly
(barely) second-order phase transition.
2) Certain correlation functions are calculated exactly

3) The phase diagram, including an external magnetic f
found via renormalization group and also a (dynamical
system inspired) cluster approximation. Results almost

consistent.

4) The partition function at the critical point suggests a

subtle, apparently newroperty o

5) Rigorous results by number t
statesO: a close connection to t

' the Farey fractions.
neorists for the Odensity

ne Lewis three-term eqL
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