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This is a tale of two symmetriesbtriangular symmetry (for percolation, at le
and modulasymmetrypor to be morgrecise covariance

The modular story also involves the interplay of tvioersymmetriesBuality

(TBD) androtationthrough 98, which conspire to give rise to a new kind o
modular object.

What arises, in the main, is a modular wayharacterize¢he crossin




Percolation

Percolation in 2-D is deceptively easy to define. Imagine a large square
lattice of points, with bonds between neighboring points occupied with
(independent) probability p. A given configuration might look like this:
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When p is small (near 0), the lattice will be mostly empty (for the great
majority of configurations). When p is large (near 1), it will be mostly full.
If we let the lattice get very large, there is rigorously known to be a
phase transition (at p = 1/2 for the bond model shown). At this p value
(the percolation point pc), an infinite cluster can appear on the lattice.
Therefore it will be possible to get from one side to the other along a
cluster—there is a non-zero probability of crossing.
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We consider a large, rectangular lattice of aspect ratio r, and two types of
crossing probabilities: ! h(r), the probability of a horizontal crossing, and

| hv(r), the probability of connecting all four sides of the rectangle.




The horizontal probability satisfies a/Symmetry| called duality. Consider
the bond percolation problem defined above. For each configuration,
either:

(i) there is a horizontal crossing on the lattice, in which case the dual
\attice has no vertical crossing, or
(ii) there is no horizontal crossing on the lattice and the dual lattice has a
vertical crossing.

occupied lattice
bond; s

occupied dual lattice
bond: ----




Now one or the other must occur. Therefore
b+ (=1,

where | v(1) is the probability of a vertical crossing. But | NOE | H(177),

the probability of a horizontal crossing on the original lattice turned by 90°.
Hence

! H(1) + | H(1/r) = 1.
On the other hand, by construction the horizontal—vertical crossing

probability clearly satisfies

| (") = | Ay (170).

Differentiating we find
R 5 (1/r?)! L (1/),
ISNOE —(1/r?)! L (177).
The difference between these two equations, the minus sign, plays a

crucial role in their modular properties, and is responsible for the
appearance of a new kind of modular object, as we will see.



The Potts Models

The derivation of the crossing formulas for percolation makes use of knowi
results for the Potts modelBne connection is made through thapping of
Fortuin and KastelyriThe Potts model is a generalization of the Ising mode
which the spins s(r) at each site of a lattice take the values (1, 2, ... ,Q), \
initially, Q is an integer (Q = 2 is the Ising modé&he engyy is the sum over a
bonds (f, r'’) between sites of "Jst)s). Thus the partition function (from

which the thermodynamics follows) is

Z =Tr exp(5J Z Os(r).s(r) )

fnl' ’fnl'.l'




Apart from an overall unimportant constant the partition function may be
rewritten as

Z="Tr [T ((1 = p) + pdagrysem)

r

where p=1-—e"7

NOW oneexnandas the nroad there ardas




Thus we can writ& as a sum over conbguraticdD®f open bonds:

7 — Z j.!.J.,Iijl{l _ PJH—I'Z'I Q”Iﬁﬁ
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where|C| is the number of open bonds in the conbguratiom\{aq is the
number of distinct clusters @. This is therandom clusterepresentation of
the Potts models.

“WhenQ = 1, the sum is simply over all possible conPgurations weighted by




How does this relate to crossing probabilitiede key idea is to consider
boundary conditions. Suppose we hav¥&és model on a rectanghth the
spins on the boundary specibed to all be in state Q = a on the left hand ed

b on the right, and free (unconstrained) on the top and bottom.
f

f

Their are two cases of interest, a = b and a $ b, with corresponding parti
functionsZa{ Q) andZay(Q). Noweach conbguratioG has a cluster crossing
from left to right or natThose which do not cross contribute to both partitic

functions (with the appropriate weights), but those which do cross cann
contribute taZa(Q), since the boundary spinsfeif by assumption.



Therefore we have the important result

(Recall that eacH is a polynomial iQ, soZay(Q) makes sense even fQr=1.)
This equation is used to extrapolate known conformal results for the Potts




The clusters illustrations IOve use are quite schenvatithe percolation point,
clusters are ramibPed. Here is an example of (part of) such a cluster on a ¢




Conformal FieldTheory

CFTis a big topic; we only mention a few features. One of its main eleme
the assumption (which should apply at many twobdimensional critical poin
theconformal transformation propertie$ (primary) operator correlation
functions:

<li(z1,8)! 2(220, ) ... >=

w'(z1)" 8 (8) 1 w' (22)"2 8 ()2 ... < 1 (w(z1), B(8))do(w(z2), B(B)) ... >




It is intriguing to focus on the behavior of just one variable

<P(z,1)...>= W' ()"... < pw(2),!)...>

since this equation (in itself) ise same as the condition satisbed by modu
formes (the allowed Ow(z)O are not, of course, and modular forms satisfy ad
~ conditions).
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The main point of interest here is that a change of (appropriate) boundz
conditions ismplemented by conformal boundary operatdrs particular our
partition function satispes

Zap=2Z¢ < Via(Z1)! at (22)! 6(Z3)! bf (24) >

HereZ: Is the partition function with free boundary conditions on all side&:(s«

-
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One then makes use of theerator product expansiganother important CF
tool) to bnd%s

Lat (Z4") 10z )" 1 #p+ ! an(2)

By using this equation and the known properties of Gpdrators, it follows tha




The upshot is that we need to determinefdliebpoint correlation function

< l1.2)(Z0)! (1.2)(22)! (1,2)(23)! (1,2)(24) >

for percolation (which, for the afbcionados, corresponds to centralecbar O)

Generally conformal invariance implies
1
F 11
(Zl _ 22)ha+hb(23 _ 24)hc-|-hd ( )

< La(@)! b(22)! o(23)! a(24) > =

~ where & Is the crossbratio of the four points. Here, all the h = 0, so onl




Thehalfbplane crossing probabilig(&)then must satisfiF(&) — 0 as
& — 0 (corresponding to+ " on the rectanglepand F(&)— 1las & 1
(r = 0). The differential equation has two solutions, one of which is a cons
Choosing the correct linear combination then givesdy© formulafor the
rectangle




(The exponent 1/3 which appears is the conformal wéghtof the %, operator
for percolation.)The hypegeometric function is special (satisfyingc b a =
which means it may be written as
21

() = ('1/3)3 O' (t(1" 1)) 2 3ot.

This rel3ects the fact that the hygpeometric equation satisbPed byactors as

—(m—mm%F = 0.




that as a resulgn an equilateral triangle, Cardyformula implies

>

This striking result illustrates thieangular symmetrpf percolation(regardless
the underlying lattice symmetry). Notice that the conformal wdighhas
become the anglef the triangle.



A similar conformal analysis for the horizontalbvertical crossing probabillity
been carried out by/atts In that case the crossing satisbéstaborder
differential equation, which may be written as
A=tV (a2 L g
([ﬂ;& (1= A=A )([ﬂuu AYE(A1 = A) dﬂ)F = 0.

Setting the rightmost factor equal zero gives rise to the solution 'sqji(ﬂ),,

and! hV(r). The praability of a horizontal crossing with no vertical crossi

| hy(r) =1 n(y p! (") again has a simple form. Itis expressible in tern




Next we need to write therossbratio & in terms of the aspect ratibetting ( =
ir, one bnds that &(is the classical modular function (OHauptmodulO) for
subgroup )(2) ofPSL(2,Z). This may be expressed, for instance, by

- where *(() is the Dedekind bfunction (which is enodular formof weight 1/2).

W | — e — — =4 I




It is convenient to work with thebderivative®f the crossing probabilities. On
bnds, withf ! ! ’h(r) andfy ' ! ’hv(r)




A OCrash CourseO in Modular
Forms

Modular forms can be debneda@somorphic functions 1(()with (in the upper
halfbplane, that have certain transformation properties under the (full) mo
group )1. This is the subset of tidSbius transformations gen by




The debPning property of a modular form of weight k (generally an intege




Now ) 1 may be generated ltlie operations
T. (- (+1
S: (- -1/(.

These are implemented by the matrices

f((+1) = 1(0)
f(-1/0 = (*1(0).




A First -odular Theorem

The functionf1(() = *(()# (recall this is proportional to ’h(r), and a modular

form of weight 2) satisbes

- fay((+1) = &3 fy(() and
- fa(-20) = -(2F(0).




To begin, dePne any function .(r) on the positive real axis of the form




Theorem 1. Let Il(r) be any function on the positive real axis such that

(i) TI(r) is an evenconformal block with dimension o > 0;

(ii) II(1/r) =1 —II(r).

Then ao = 1/3 and II(r) is Cardy’s function.




This result is unexpectedVhy modular transformations should be relevant
systems with edges is mysterio(iForii are another matteof course.)The
transformation properties under S follow fralmality symmetryas mentioned.
TheT property comes from theFT analysis and has no obvious simple physi
origin.




Crossing in SLEs

Stochastic Lswner Evolutio(or SchrammbLswner Evolution) is a rigorous
theory ofstochastic conformal majdriven by aBrownian procesef speedp,
B($t). The real axis, att =0, is black for x < 0 and white for x JBus, in a
percolation model, there will be a path 0 from x = 0 to"x &oughly, this path
separates the reglons connected to the black part of the boundary from thc




SLE describes this path in thentinuum limi{ for a set of models that (roughly
speakingpeneralize percolationFurthermore, the path is generated by an
exploration procesthat is we imagine it to be a function O(t) of time. In SLE
this path is called the trace.




So there may be regions that are enclosed by the trace and are separated
InPnity by it. The union of such regions and the trace itself, up to time t, is t
hull Ki. The nature of the hull depends on the sgked




Thebasic equation of SLgives thaimebdependent (regularizing)
conformal mam(z) from the complement of the hull to the upper half pla

5 2




The crossing probability is a bit subti&hether or not there is a horizontal
crossing (on white) depends which end poinis Gwallowe® brst by 0(t):

There Is a crossing on white
disks from (-', x1) to (0, %) iff




The correspondingorizontal crossing probabilitthen follows by stochastic
calculus (I6@G equation). It is given by@eneralization of Cardy's formyhealid
for $ > 4,

(2] | a4 4"
( 8//{’) )\1! 4/!2F1 11 _,_;2! ;,)\

FOAR = AT a/mr @1 a/n) o

It is easy to show th&i(&;$) satisbPes the sandeality conditionas Cardy's
formula, and reduces to it wh&n= 6. Furtherthe hypegeometric functions




Here.(r) , the crossing probability on the rectangle, is a conformal blockido
longer even Thus,q enters to odd powers, so we are forced to work with tl
3Dgroup k, generated b$ andT?, i.e.

i((+2) =1(0)
f(-1/0 = (*1(0.

The other main ingredient in our modular recipe is the standard Qil©
satisbed by theeros of a modular formFor) s this reads

S N AT R0, NUND S -
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A Second -odular Theorem

Here, the weight k = 2, so the rhsis 1/2=/ > 0, 4, >0 (and real), and; and
4dp are nonbnegative integetdencedi=4 =0, 4=1/2 b /,and we bnd

Theorem 2. Let I1i(r) be any function on the positive real aris such that
(i) IIy(r) is a conformal block of dimension o € R with coefficients a,, of polynomial growth,
(i) IL(1/r) =1 —1IL(r).
N Then 0 < a < 1/2 and 11 (r) = I, (r;«), the generalized Cardy’s function F(&;9). .




Finally we have

Theorem 3. Let a and I1,(r) be as in Theorem 2 and I3 (r) be a second function satisfying
(iii) Ma(r)=e=™" Y " bue™™"" for some 3 € R, with {b,} of polynomial growth;
= (iv) II_(1/r) =TI_(r). where TI_ :=II; — [1s.

Then

(a)0<pf=<1, G#a.
(b) The function I1_(r) is given by the formula

n(it)20—48a t (iu)20-48(5—<)
IS) f Et;’E 23”}3 24&\/; {'r}{-iu;’i}n{iiuj}S—M{ﬁ—ﬂ} dﬂd’rﬁ, IIE'Q::I

with
948+1 .2 ['(20)[(25 — 2a)
Ma)2l(F—a)?

() If also Ila(r) and II_(r) are positive for all r = 0, then 3 = a and

= 11 20— 480 oo ol g1y | 20—48( F—a)
a(r) = G(&’ﬂ}f at?;;ﬂjfﬂzt )8 24”’]; ( pu dudt 81)

Cla, B) = (30)

(n(iw/2)n(2iu))3-240E-a]




the rotation by 90symmetry of. n mentioned aboveThe proof is again
straightforward, but involved. Settidg= €*/ and B = &5 one lets v :=4f1

(wherefi andfz are the analytic continuations of:”. and. 2"). This gives

V [0S = 2Dbv and VT[22 = (B/A)v.

Letting g := Vv f1, one Pnds that

gkS=gandgl?=Bg,




HigherbOrder Modular Forms

Recall that the derivatives of the two percolation crossing probabilities
satisfy

| !h(r)=+(1/r2)! L (1),
B! L () =131 1 (1),




Using the notation above and taking analytic continuations, this reads

l.e. f1has non—trivial character (due, for percolation, to the duality
symmetry) while f1— fodoes not.

- Subtracting the two equations gives .




This example leads us to debPn&=aond order modular form of weighag a
holomorphic function f(() such that§(pP1) is a modular form of weight k for
elements O of the group (rather than vanishing as for an ordinary modular

A considerable amount of progress has been made by number theorists «

theory of these objects...

[Chinta, Diamantis, OOSullivan,...




